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A SOLUTION OF THE
VOLTERRA EQUATION

f(x) = g(x) +Xjk(x,t) f (t)dt

So, our process simply, is to determine the derivatives at 0 of f(X)in terms of the
derivatives at 0 of g(X) and k(X) to get the solution of

f(x):g(x)+]'k(x,t)f(t)dt n>1, @
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with limits of integration from 0 to X" which is a generalization of
the classical Volterra equation forn = 1.
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II Solution of the equation

f(x) = g(x)+ ]'k(x, t) f (t)dt

By Leibniz rule find f'(x), f"(x), f "(X),....

I. Introduction

Th volterra integral equation with limits of integral from 0 to x™,where n is a
positive integer is of the form

% K(x,t) f (B)dlt + (X" 1)k (x, ") F (x")

f(x) = g(x)+xjk(x,t) f (t)dt

where g and k are known functions, and f is the unknown function to be found. As far
as the authors know,no solution for the case of n > 1 is given. Actually for n= 1, the
equation leads to a differential equation. While for n > 1 the equation leeds to a
functional differential equation. We assume here that the functions g, f,and k are
analytic at 0 So, we can use the Maclaurian series technique to get our solution,
namely

3

F0 = F(0)+ F1(0) %+ £70) %+ £7(0) %
(x)=f(0)+ ()£+ ()E+ ()§+----, 1)

F()=9'()+ |
=g'(X)+ 1% k(x,t) f (t)dt + R, (x),
where

R (x) = (X" )k(x, x") F (x"),

R(0)=0 if n>1
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X" A2 X" A4
f7(x)=g"(x) + ;Z "k (x,x") f“x@=g4ay+yﬁjkuiﬂxnm+pxn—nm—2xn—$xwﬁunxw
0 OX OaX
+ n(n—l)anzk(X,X")] f (Xn)+(n2X2n72)k(X,Xn) f ,(Xn) +(4n(n_1)(n —2)Xn_3)k'(X,Xn) +6n(n—1)Xn_2k”(X, Xn)+4an_lkm(X, Xn)] f (Xn)
o +[(N?(N=D)(7n=1D)x>"*k(x, X") + @2n% (N =) x> )k (x, x")
=g%@+j5;ﬂd&0fﬂwt+RA@ +(6n2x2"2)k"(x, x)] £ '(x") +[(6n° (N =) x*" )k (X, X") + 4n®x*" 3k (x, x")] f "(x")
0

FIn* xR, XM (X")

Where =g (X)+Iaa4

k(x,t) f (t)dt +R, (X),

R, (X) =[(2nx"")K'(x, x") +n(n =1)x" 2k (x, x")] f (x") here

+ (N2 x> )k (x, x") £/(x")

R, (X) = [N(N —1)(n - 2)(n = 3)x"*)k(x, X") +
(An(n=D(n=2)x"k'(x,x") +6n(n —=Dx"?k"(x,x") +
f"(x) = g"’(x)+j—k(x t) f (t)dt +[n(n—21)(n —2)x"*k(x, X") + (Bn(n =) x" &Nk "X {x, x")]f (x") +[(n* (N =1)(7n —11)x*" Kk (x, x") +
(12n% (N =Dx*"*)k'(x, x") + (6n*x>"2)k"(x,x")] f'(x") +
[(6n°(n—=D)x**)k(x, x") +4n®x>" k' (x,x")] f "(x") +
[n*x*"k(x, x")]f"(x")

R,(0)=0 if n>2

+3nX" K" (x, XM (X") +[(Bn® XK' (x, X™) + (3n* (N =) x*" 3k (x, x" ] f'(x")
+ (X Hk(x, x™) £ "(x")

m m Xna_3
f"(x)=g"(x)+ '([ PV k(x,t) f (t)dt +R,(x), R,(0)=0 if n>4
Where

R,(X) = [n(n—=2)(n—2)x"°k (x,x") + (3n(n—=1)x"*)Kk'(x, x")
+3nx"K"(x, XM (X™) +[(Bn* XK' (X, x") + (3n* (N =1))x*"k (x, xV ] £ '(x")
+ (n3 3n-— 3)k(X, Xn) f N(Xn)

R,(0)=0 if n>3
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X' & The general form n
! e £ (x) = g™ (x) + j ;(mm k(x,t) f (@)dt+R, (), 3
+[(n(-1)(n-2)(n-3)(n-4)x"*k(x,X") where. °
+ (N =1)(n-2)(n=3)x"k'(x,x") +10n(n-1)(n - 2)x"*k"(x,x")
10n(n-1)x" K" (%, x") +5nx" k@ (x,x")] f (x") R (X)= an J(Zamjcp(n j— C L) XM IDn-(me D)y yny) f (D) (yny
+[Bn*(n=1)(n-2)(3n=5))X*"*k (¥, x") + 5n%(n - 1)(7n 1) X2 K (%, X") = o @
+(30m° (n=D)x*" )K" (x,X") + (LOn*X*"*)k" (%, x")] £ (x") where
+[EN* (n=1)(Bn = 7))k (x,x") +30n° (N =1)x*"*k"(x, x") +10n°x*" k" (x, x")] £ "(x")
+[10n (n—1)x4” Sk(x,x )+5n4x4”‘4k'(x, x”)]f’”(x”)+[n5x5”‘5k(x, X”)]f(4)(x) i is real number and p(n, j—c+)=n(n-)(n—2).....(n— j+c¢)
R.,(0) =0, when n>m. thus, replacing X by 0 we obtain
f(0)=9(0)

_n® Xna_S
=g (X)+~!.6X5 k(x,t) f (t)dt + Rs (x), £7(0) = 9'0) +R((0) ,n=1

g' (0) ,n>1
O
m _ g”' (0) +R (0) ,nm=3
f (O)_{g”'(O) 3 ,n>3
Ry(x) = [(n(n-1)(n-2)(n-3)(n—-4)x"k(x, x") £@(0)= {g“(:g(g)) +R4(0) , n i i
g , n

+ BN -1)(n-2)(n=3)x"K'(x, x") +10n(n -1)(n - 2)x"k"(x, X")

10n(n=1)x"2k"(x, x") +5nx"k“ (x, x")] f (")

+[(Bn*(N=1)(n-2)(3n=5))x*"k (x, X") +5n° (N =1)(7n -12)x*"*)k'(x, x")
+(30n°(n=2)x"*)k"(%, X") + (LOn*X"" )K" (x, x")] F'(x")

+[BN* (=B -7)x"*)k(x, x")+30n° (n=1)x*"*Kk(x, x") +20n*x*" k" (x, x")] £ "(x")

+[10n* (n=D)x*"3k (x, x") +5n*x ™K' (x, X")] £ "(x") +[n*x*" Kk (%, x")] f (%) F(x)= f(0)+ f (0) Ly fn(o) - fm(o)

The general format X =0 is

m (8™ (0) +Rp(0) , n=m
f™(0) —{ 2™ (0) s m ®)

Applying Maclaurin series

3

R,(0)=0 if n>5
So the solution
89
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f(x)=g(g<m><0>+ RO ©
:g<x>+§(Rm(0»§! (7)

The solution is divided into three typesat N=1, N=2,and N> 2.
When n =1 the solution is in the form

(0=900+ X[ a k" 00O, @

where @, is a real number

which is the known solution of Volterra equation (N =1).
When N = 2 the solution is in the form

0 . ] ©
f(x) =909+ [k""?(0,0)f (0)]~ X +y [a,k™*(0,0) f ()
= (-2 = m!
©)
where @, is a real number
When n > 2 the solution is in the form
0 i n Xj
f(x)=90)+g(0)> k"™ (0,0)] (G_m! (10)
j=n —H)-

[11. Examples

(1) The solution of the integral equation

f(X)=g(x)+ XI k(x,t) f (t)dt,
f() =90+ g(O) Y kI (0.0)]
j=3

X1
(J-3)!

(2) The solution of the integral equation
f(X)=1-x>+ XJf(l— 2t° + x%) f (t)dt,
0
is
f(x) =1
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