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Nanomechanics and its applications: mechanical properties of materials
Valeh|. BAKHSHALI

Abstract - In this work has described a methodology
of the using of Nanomechanics in practice. On the basis
of Nanomechanics principles, the potential force field in
nanostructure is investigated here. The nanostructures
of the materials are described and the differential
equations of the mechanical mation of nanoparticlesin
potential force field are written and have been solved
the using of the Lennard-Joness potential. The
theoretical expressions of the modulus of elasticity of
materials are deduced and have been constructed
corresponding diagrams for practical usage. The
method for definition of mechanical properties of
materialsin nano-dimensional level is developed.

Keywords: Nanomechanics, Mechanical system,
Equation of motion, Lennard-Jones potential, Crystal
lattices, M echanical properties of materials.

L Introduction

Nanomechanics is the perfect tool to study and to
improve the mechanical properties (stiffness,
strength, flexibility, plasticity) of the machine parts
materials. Nanomechanics also is the new instrument
for filling an emptiness between quantum mechanics
which deals with the movement of atoms and
molecules and the classical mechanics. Here the
rescarches are conducted theoreticaly and
experimentally which are the indifference of
Theoretical Mechanics. Entering a new phase of
development, many concepts and terms of the
Theoretical and Applied Mechanics are significantly
different from its original form and content in recent
years. The new branch of Mechanics -
Nanomechanics is the scientific basis of mechanical
studying and control of nanostructures. It is a new
theoretical base for tribology, i.e. a new object of
friction and wear of machine elements. The machines
and mechanisms installed on the basis of the
principles of Nanomechanics which established will
be expected to increase their longevity and accuracy
in 10-15 times in the near future. Nanomechanics is
the multidisciplinary science between Quantum
mechanics, Theoretical mechanics, Fluid mechanics
and Strength of materials (Elastostatics) such as its
location determines in the crossing of these sciences.

The quality and operationa indicators of the
machines and equipment considerably depend on the
mechanical and physical properties of materials of
their constructional elements. Traditional methods of
the strength of materials for the determination of
mechanical parameters of constructional elements
aren't reliable and accurate today. Therefore, there is
a need to investigate and specify mechanical
characteristics of materials a the level of
nanoparticles. For the representation of real values of
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mechanical characteristics of materials, it is
necessary to investigate their nanostructures and
crystal  lattices. Theoretical and experimental
researches of mechanical characteristics of materials
without any hypothesis and assumptions are
including to the Nanomechanics subject. Here the
hypotheses of continuity of material are absent and
the research of anisotropic characteristics of the
material is conducted taking into account discrete
properties of their internal structures. And it causes to
increase the quality indicators of machines and
mechanisms.

In recent years the numerous works are published
on the problems of Nanomechanicsin thisarea. In the
field of dynamic analyses of crystal lattices of metal
structures works [1-3] the classical available. In the
following works, the methods of definition of elastic
characteristics of monocrystals on the basis of M.
Born theory [1] are developed.

Recently there were many works in the field of
research of mechanical characteristics of the nano
measured objects, such as in works [4, 5] the
mechanical model describing a two-dimensional
hexagonal crystal lattice is presented. It is shown that
a pair of moments of interaction can provide the
stability of such lattice. The generalized moment
potential describing the interaction of particles in
general view is alowing to set the relations of
gtiffness, consistent with experimental data. The
features of bending tiffness of nanocrystals and
nanodimensional structures are investigated and
defined the moment of the interaction of
nanostructures [6, 7]. In the works [8-11] the features
of bending stiffness of nanostructures of materials are
considered and the characteristics of interactions of
these parameters are defined. There are investigated
the van der Waals forces, the Lennard-Jones and
Morse potentials and other parameters having
important practical value for determination of actual
mechanical parameters of materials in some works
[12-14].

The principles and conceptions of mechanics of a
deformable solid body are considered in [15-17]
which are the basis for studying the mechanical
characteristics of materials.

The goa of the work to study the mechanical
properties of the machine parts are used in oil and gas
industry is based on the principles of Nanomechanics.
The results of the research is the using it use in ail
and gas pipelines which can use in the design and
operation.

In view of the discussion and, in particular, the
criticism concerning the Nanomechanics theory of
potential force field in the nanostructure is thought
that it may be of some interest to present, in that
follows, a reformulation of the general theory given
in [1-3] with the following aims:
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- accounting for the criticism concerning the
mechanical motion of the nanodimensional particle
approximation of the following the ideas presented in
the result of thisinvestigation;

- judtification of neglecting the external forces in the
differential equations of the mechanica motion,
while retaining it in the nanoparticles of the surface,
as proposed in micro- and quantum mechanics [18];

- obtaining explicit expressions (rather than the
implicit relations are given in classica strength of
materials) for the determination the mechanical
properties of materials in order to make the theory
immediately applicable to particular problems. This
may also foster various applications, eg., the
modul us of elasticity ones.

1. Describing the potential force
field of the nanostructure and its

potential function

The monocrystal structure of the material can be
shown as a force field of the crystal lattice, where on
its knots are placed the nanoparticles. In other words,
we considered a discrete internal structure of the
material  which is filling with force fields. It
characterizes the rea situation of anisotropic
properties of the material [19, 20].

It should be noted that nanostructures of material
are characterized by parameters of their lattices, i.e.
by distances between particles on an edge of an
edlementary cell. Parameters of cubic lattices are
characterized by a length of an edge of a cube and
denoted by a letter a. The hexagona lattice is
characterized by two parameters - the length of
hexagon a and prism height h. When the parameter of
the crysta lattice is k=h/a = 1,633, the atoms are
packed most densely, and the lattice is called the
compact hexagonal. Some metals have a hexagonal
lattice with less dense packing of atoms (k >1,633).
The lengths a of cubic lattices of metals are ranging
from 0,286 up to 0,607 nanometers. The parameter a
is ranging in 0,357 - 0,652 nanometers and the
parameter h lies within 0,228-0,398 nanometers for
metals with a hexagonal lattice [21-23]. According to
Microcontinuum Field Theory [24] of the force field
at any point in an elastic continuum does not only
depend on the strain field at the point (hyperelastic
case) but also on strain at al other points of the body.
A. Eringen [24, 25] attributed this fact to the atomic

The elementary work done by the force F is equal
to the differential of potential function U(xy,2) of a
forcefield in negative sign.

dA = Fdx + F,dy + F,dz = —dU(x,y, z). (2

Integrating the equation (2) we will get a full work
of potential force F:

M
Apr = — fMol aU(x,y,z) = Uy — Uy, ©)

where Ug(Xo,Y0,20) and Uj(x1,y1,2) are values of the
potential function in initial and final points of motion
Mo and M, respectively.

So, the work of the potential field force is equal to
the difference of values of potential functionsin fina
and starting points of its way and does not depend on
the type of a trgjectory of a moving particle.
Therefore, when the motion occurs in the closed
trgectory here is Uy(Xy,¥1,21) = Uo(Xo,Y0,Zo) @and the
work of the potential field force is equal to zero. The
main property of a potential force field is that the
work of the field force depends only on initia and
final positions of the moving particle and neither
depends on a type of its trgectory, nor on the law of
the motion.

From the above mentioned follows that using the
potential function, it is possible to determine the
force acting on any point of the field. From Eq. (2) by
calculating the differential of function U (X, y, 2) we
determine the projections of force acting in the
potential forcefield [2, 18]:

au au ou

Fx=—£,y:_a,z=—g. (@]

Thus, the projections of force on the coordinate
axes in a potentia force field are equal to the private
derivatives of the potential function with respect to
the corresponding coordinates, i.e
F=—grad U(x,y,z) . From expressions (4) we
find:

R _ _ 0% 0R _ _ 3%

= - , - and so on.
ay 0xdy  Ox 0xdy

From here follows that if the force field is a

h ¢ latt ; : potential field, the private derivatives of the
theory 0 atice dyn_al ncs and  experimental projections of force are equal each - other:
observations on phonon dispersion.
Let us consider a particle of nanostructures moving
. : ; : ] aF, 8F, _0F, 0 a
in the potential force field under acting the force a—Fx =2 7y 0% 0% 0% (5)
y 0x ~ 0z dy ~ 0x 0z

which depends on the coordinates of its point of
application x, y and z. Then the projections of the
force F of the field have been presented by the
following expressions [2]:

E.=F(xy,2),F = F(xy,2),F = F;(xy,2). (1)
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The conditions (5) are necessary and sufficient
conditions of the fact that the force field is potential.
Thus, if the force of the force field is determined by
the equations (1), then using the conditions (5) is
possible to establish that this field is potential or not.
If the field is potential, then with using the Eq. (4)
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and (3) can be determined the force and the work of
the force of the potential field.

Generdly, in practice are using a 2-d grade
Lagrangian Eq. for describing the mechanical motion
of a system of interacting material particles having n

degrees of freedom [2, 18, 19].

1.  Describing the motion of a
nanoparticle and the
mechanical properties of

the material

In the Fig. 1 is shown crystal lattices in knots
which are elementary particles the sizes less than 100
nanometers in 3-dimensional format (the third size is
accepted as unit one). Here internal crystal lattices
are presented as the mechanical system of material
particles moving in the force field. It should be noted
that in macro mechanics the sum of internal forcesis
accepted equal to zero. But, as it is noted above, at
the interaction of nanodimensional particles internal
forces content change his classical contents and are
determined by potential functions of a force field.
There are external forces acting on nanoparticles of
crystal lattices aren't considered here. Therefore, the
deformation condition of a monocrystal depends on
distances a - between nanoparticles and the distances
h - between crystal layers. Force of the interaction of
two nanoparticles is defined as force F(r) of the
potential force field. As shown in the Fig. 1 each
particle is interconnected with other next neighbors
particles.

We will consider the motion of any particle M; in
the coordinate system Oxyz. On the basis of 2-d grade
Lagrangian Eq. can develop the method of described
motion of nanoparticles. Analogically and paralel of
this method in our case using well-known differential
equations of the motion of any nanoparticle of the
system may be rewritten as in following ordinary
form[2, 18, 23]:

2
asr;

m; F = Fie + FL'] y (6)

where m — the mass of a nanoparticle, r; — radius
vector of a particle with respect of a point O, Ff and
FL.j are external and internal forces acting on the
nanoparticle M;.
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Figure 1. The crystal lattice and movement of nanoparticles in a
potential forcefield.

Note aso that in this case the action of externa
forces on the system aren't considered. On the
mentioned theory above the force F/ acting on a
particle M; is determined regarding the potential
function U(r;) in the force field.

As mentioned in the Introduction, the most
commonly used potential for a force of the field of
interactions is the Lennard-Jones potential, which is
written in the following form [12-14]:

U(r) =D [(ri)lz —2 (2)6], @

Ti

where D isthe potential energy of constraints, a isthe
distance between particles in balanced forces of the
potential field.

The internal force F/ acting on nanoparticles is
equal to the force F(r;) of interaction between
particles and is defined from Eg. (4) as the first
derivative of the potential function (7) with respect to
radius - vector in the opposite sign.

i _ , _12p[fa\13 a\’
F=re=-vm=2[2)"-¢)] ®

Naturally, the vector expression of force acting on
the force potential field is

— 7 7 14 8 _
F(r) = F(T’i)r—i = F(ri);% = 1;—21)[(%) - (%) ]71

If we are convinced that the field is potential with
taking into account Eg. (5), on the basis of the theory
mentioned above the elementary work done by a
force acting on the potential forcefield is

= _ 12D [fa\13 a\’
dA = F(r)dr, = —dU(r;) = — (r_l) — (T—L) ]dri.
Integrating this expression by using the expression
(8) we determine the total work as Ay, = U(rp) —
U(ry) , wherero=a and r,;=h are internal and external
values of radius-vector r; in coordinate system Oxyz.

From Fig. 1 we find unit deformations and normal
tensions in the direction of a horizontal axisy:

Aa F(r;
5 = Fd

= ! ©)

where 4a is absolute elongation in the horizontal
direction, F(r;) is the force acting on the particle and
is determined as
F(r) = cAa, (10)
where c is the stiffness of the material is determined
as
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c=U0"(n)=-F )= E[B (%)14 =7 (i)g]'

a? T

(11)

Dividing both sides of the Eq. (10) into the unit
volume of a particle V=ah (the third dimension is

unit 1), we have Fo) 22 Here taking into
ah ah

account the Eq. (9) we have% =c % .

The normal tensionis

ca
o=—¢e=Ee¢,
h

12)
where E is the modulus of elasticity (Young's
modulus) of the material. According to Eq. (12) we

find=%=£, where k=§ - is the parameter of

the crystal lattice of the material.

With taking into account the expression (11) we
determine the modulus of elasticity as

E==—3Fm)= %[13 (%-)14 —7 (98] -

%A—B[mrﬁ -7, (13)

where 1 =% is the parameter of displacement of
nanoparticle in the force field.

Substituting the Eq. (8) to Eg. (6) and without
taking into account the external forces we deduced

where E, = % is the initial dynamical modulus of

elasticity of the material.
Using the program Python, we analyzed Eq. (17)

T § :
— (13-TAS(2A%-A2)

=== abs((13 - 7A%)/(2A% - A?))
|
|
|
|
|
|
i
|

E/Eq

and have been constructed the diagram of the ratio of
elasticity modulus E/E, with respect to displacement
parameter A=r/a of nanoparticlein Fig. 2.

Figure 2. Diagram of theratio of elasticity modulus with respect to
displacement parameter A=r/a

The analyses of the nanostructures of materials are
showed that the elastic characteristics of the material
in macro and micro levels significantly different in
each other. Furthermore, it follows from (17) with
(15) that the ratio of the modulus of elasticity

the differential equation the motion of the depends on displacements of nanoparticles in a
nanoparticles: potential force field.

X 13 7 .
m, 4 = 2D[(4) _ () ] (14) Iv.  Formulation of the results

where v; is the velocity of nanoparticle in the
potential force field.

The solution of (14) can be found as follows. From
the initial condition of the problem, it is known that
when r; = 0, the velocity of a particle v, = 0. Taking

into account that mi% = mivi%, integrating Eq.
12

(14), we will receive:

of the resear ches

In this paper, the method of the definition of the
mechanical properties of materiadls in nano-
dimensiona levels is developed. The essence of the
method is that on the basis of the diagram (Fig. 2)
and expression (16) with taking into account the
expression (13) is determined the ratio of elasticity
modulus E/E,. Then for each given k=h/a values of
the parameter of the crystal lattice can be determined
the values of elastic characteristics of the given

2 6 12
% = f,?:e - .,ijiu From here we determine: materials (modulus of elasticity, the coefficient of
stiffness, etc.). Thus, neglecting the external forces,
_ mp? 1 oo _ LAlZ (15) the analytical method is established to specify the
2 225-1 22617 mechanical properties of the materials at the level of
2 nanoparticles.
where K = ™. isthekinetic energy of the particle.

2
Subsgtituting the expression (15) to the Eq. (13), we
have:

_ 12K 13-7A°
T vo228-22°

E

(16)

From here we determine the unit modulus of
elagticity (ratio of elasticity modulus) of the material:

E __13-7A°
/By = 2oz (17)
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V. Conclusions

The mathematical modeling of the mechanical
properties is considered and the internal structure of
the material is investigated on the basis of principles
of Nanomechanics with taking into account of the
nanoporous gaps between nanoparticles. Here the
isotropy and continuity characteristics of materias
are neglected, deduced and solved the differential
equations of motion of nanoparticles in potential
force field on the basis of Lennard-Jones potential
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function. Here is established that the modulus of
elasticity of materials is changing depending on
distances between gaps of particles belonging to the
crystal lattice. In result, we determined the potential
field force, the work done by the field force and
deduced the practical expressions and diagrams for
determination of real elasticity properties of
materials.

The results of researches can be useful for
increasing the accuracy and reliability of machine
parts during the calculating and choosing of their
materials.
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