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Abstract. In this paper a new numerical method is presented for solving
non-linear fractional Burgers’ equation(FBE). The technique isbased on
the collocation method wherethe fractional Muntz-Legendre functionsin
time and the Sinc functions in space are utilized, respectively. By using
these functions, we approximate the unknown functions. The proposed
approximation together with collocation method reduce the solution of
the FBE to the solution of a system of nonlinear algebraic equations.
Finally, some numerical examples show the validity and accuracy of the
present method.

1. Introduction

Fractional models are widely used in many physical models and engineering
research. Forthis reason, from many years ago researchers have been interested
in solving these types of equations [1, 2, 3]. Since the fractional equations con-
tain fractional derivatives, they are unable to get the exact solution in many
cases. We must resort to numerical method. Recently, several numerical tech-
niques have been proposed by researchers for solving the fractional ordinary
differential equations (FODEs) and the fractional partial differential equations
(FPDEs). For example, Kazem and Abbasbandy [4] used fractional-order Le-
gendre functions for solving FODEs. Esmaeili, Shamsi, and Luchko [5] applied
a collocation method bases on Muntz polynomials for solving FODEs. Chen,
Sun,and Liu [6] used generalized fractional-order Legendre function for solving
FPDEs. The other numerical method can be found in [7, 8, 9, 10].

In this paper, we apply a numerical method for solving non-linear fractional
Burgers’ equation (FBE) as the following form:
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W a“u(x, t) du(x, t) Q°u(x, t)
1 —_— =
5t + u(x,t) £ - 5 a(x, 1), x, e
with initial condition
(2) u(x, o) = fo(x),

and boundaryconditions
u(o,t) = go(1), u(L, t) = ga(t),

where Q = (0, 1)x(0, 1) and 0 < a is the order of the fractional derivatives in
the Caputo sense, and the continuous functions g and g, are known and the
function u(x, t) is unknown.

The aim of this paper is to apply the Sinc functions and Muntz—Legendre
polynomials to achieve the numerical solution of problem (1).

This article is organized as follows: Review of Caputo fractional derivative
and Review of fractional Muntz—Legendre polynomials is presented in Section
2. In Section 3, we recall notations of the Sinc functions and their properties.
In Sections 4 and 5, we discuss the convergence analysis and the approximate
solution of the FBE using a collocation method based on Sinc functions and
Muntz—Legendre polynomials. In Section 6, we present some examples of FBE
to show efficiency and accuracy of the proposed method. Finally a conclusion
is expressed in Section 7.

2. Preliminaries and notation

In this section, we give the definition and some properties of Caputo frac-
tional derivative and fractional-order Muntz—Legendre polynomials.

2.1. Review of Caputo fractional derivative
Deftnition 1. The fractional derivative of y(t) in the Caputo sense is defined
as
Dy =J ¢ ¢ — 1 )™ Hdr
' TI'im —a) 0

form—-1<a<mme N,andt> o.

Deftnition 2. Let a > 0. The Riemann-Liouville fractional integral operator
J‘;, defined on Ly[a, b] by [

t
J y) =21 (t—T1)y(1)dr.
' I'(a) o

Some properties ofthe Riemann—Liouville fractional integral operator J*
and the Caputo fractional derivative operator D%, which will be used later, aré

as follows;
1) D“C = o0, where C is a constant.
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2) .
ey LDy N, vsranor VON,V>a,
(3) D" = r1+1-a)
’ o, VE l\lllo, v<[ af

where o isthe smallest integer greater than or equal to a and a is

the largest integer less than or equal to a. Also Ny = 0,{1, . . . . }
3) Caputo fractional derivative is a linear operation,

r ) =
D“ aiyi(t) = aD%i(t)
i=1 i=1
4)
J“Ay() =I7Q%Y (1)) =I3“Py(1), a,p>o.
t t t t t
5)
\][atv — F(V + 1) ta+v .
I'(a + v+ 1)
6)
D (3% (1) = y(1).
[ ¥
7)
=t
4) J4(DY (D) =y(D)— y(') (o)-_,' n-1<a<n,t>o.
o il
i=0

For more details about the properties of Caputo fractional derivative oper-
ator and Riemann-Liouville fractional integral operator see [2].

2.2. Review of fractional-order Muntz polynomials

Deftnition 3. (see[9]) The fractional-order Muntz—Legendre polynomials on
the interval [0, T ] are represented by the formula

n
> (t ka
(5) I—n (t; G) = nk = y
-
where C
k=0
() Ti( )
Chk= —~"72
n,k FURIGE=R) (k+v)a+1 .
v=0
The function L(t; a), k = 0, 1,..., n forms an orthogonal basis for M, , =
Span{1, t*, ..., t"},t€e [0, T ]. Also is satisfies
Lo(t; o) =1,
Lt a) = (El N 1)(t_)a__1’

T a
bin Lnsa(ta) = b2,n(t)|—n(t; a) —banLn-1(t; a),
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where : |
0, - 6 - B - i1
b =a%m b 20 (FE 20 o1 b, =all,

a =2(n+ 1) +a+p+1)(2n +a+p),
a’(x) = (2n+a+ B+ D(2n+a+B)(2n+a+p +2)x+a”*—p’], a*’ =
2(n,+ a)(n+pR)(en+a+ B +2).

Theorem 2.1. Let L,(t; a) be a fractional-order Muntz—-Legendre polynomials,
then we have the following Caputo fractional derivative of the functions L,(t;a):
n

a eq) — > ( 'g)(k—l)a
(6) DL, () = Dn .k T ,
k=1
where I'(1+ ka)
Dn,k

T Ta+ka - o)Te Cri
and C, is defined in L(t; a).
Proof. It is the result of the equations (3) and (5). o
Theorem 2.2. Let a > 0 be a real numbgr andt € [0, 1]. Then
Lt a)=P O Yt -1,
n n

where P,“”) are the Jacobi polynomials with parameters a, B > -1, [14, 15].

Proof. (see [5]).

3. Sinc function and its properties

In this section, we recall notation and properties of the Sinc function, and
derive useful formulas that will be used in this paper. The Sinc function is
defined on R as [11]

3.
. sin(zx)
Sll’lC(X) = X X o,
1 , X=0.

Let g(x) be a function defined on R, and let h > 0 be a step size. Consider the
Whittaker cardinal function of g is defined by the series

X —kh

>
C(g, h)(x) = g(kh)Sinc( ).

This series converge (see [11]), and the kth Sinc function is defined on R as
x—kh
).
h

Now, for positive integer N , the function g can be approximated by trun-
cating as follows:

S(k, h)(x) = Sinc(

7 @ SF-E!{ IBRARY
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X —kh

h

Cula o) = = 9(kh)Sine( ).
k=N

The properties of the Whittaker cardinal expansion have been extensively
studied in [11] . These properties are derived in the infinite strip Ds-plane of
the complex w-plane, where, for d > o,

Ds={w=u+iv:|v|<d<m/2}.

To construct approximations on the interval [a,b], which is used in this paper,
the eye-shaped domain in the z—plane (see [11]),

Di={z=u +iv:|arg(%)|<d§rr/2},
X

is mapped conformally onto the infinite strip Ds via:

X—a
w =y(z) =In( )
b—x
The basic functions on [a, b] are taken to be translated Sinc functions
. x)—kh
@ 400 = S(k,h) - () = Sine( VM,
where S(k, h)@(x) is defined by S(k, h)(w(x)). The inverse map of w = y(z)
is
o a + be”
229 W)= gy
Thus we may define the inverse images of the real line and of the evenly spaced
nodes
. a + be"
X =y (kh) = . k=o0,%1,%2,....
1+ ek

Deftnition 4. (see[12]) Let B(Dg) be the class of functions g that are analytic
in Dg, and they satisfy
J

lg(2)ldz — 0,x —*+=
w(x+L)
where
L={iy:|y|<d<T/2},
and those on the boundary of D satisfy

|9(2)|dz < oo.
oDe

8
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4. Convergence analysis

The following expressions show that the Sinc interpolation on B(Dg) con-
verges exponentially.

Theorem 4.1. (see [11, 12]) Assumethat gy 11 B(Dg); then, for all x in
[a, b,

> 2N (gtu’) —rd/h
lg(x) — o g(kh)S(k, h) e w(x)| fT .
Moreover, if [g(x)kg Ce”"®,x ¢ T for some positive constants C and y, and
the sedection h = mdiyN =orrdfiniz) . then
N
d'gl) > dn N
P () =] (D RO TN
k=—N
foralln=0,1,2,..., m.

Also, the nth derivative of the function g at some points x, can be approx-
imated (see [13] ), as follows:

5% = [S(k, h) * YOOTher , = B
where 3
_ 1 ., j=k
s
It has been shown that
d {
5V = [S(khyeweoll -1 © =Kk
o a o T ek
and :
2 3 = P
5@ = ﬂS(k, h) - w(x)]lx:x =1 3 G-k ! I=Kk,
ki dy? i R 72(0_11k))2 =k
So the approximate of a function u(x) by Sinc axpansion is
).
€) un(x,t) = . ciSi(x),

where Sj(x) is defined in equations (7). Now, for orbitary t; (0,1) and fix, we
define u(x,) = u(x, ), then, Toapproximate the first and second derivatives
at the Sinc nodes x,, we have

(9)
Jduy n(Xi.ti) — d_U(lgl - d_uﬂ_(lk)_ +E

aw dx dx

= (,-g}s W +E,
) dx X=Xy

=

1

=N

; @seEx.....
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= Z:’Vc (d [SG, h) > w(X)] dw) +E
"dy dx *=x !
i=N
_ Z\‘C 5O dy(x +E,
ik dx 1
i=N
and,
(120) 2 2 X (42 )
QUi ) _dulxd _dun(xd, ¢ = ¢; [SK] +E
ox2 dx? dx2 2 o dx? i X=X 2
X (dd dy .d 2 )
= c [SG, ) e wel+ () [SG, h) cw(x)] +E
s ' dx?dy dx dy? X=X ?
d yi(x
_ C(M5(1>+(MQ)25(2))+E,
i gx2 ik dx ik 2

i=N

where N
E1= O(N e ™)

and,

3 N
E,= O(N zg~ ™@N),
Moreover, the approximation of the first and second derivatives at the vector
nodes X, can be written as following form (see [16])

1) u'x,t) = —HODW) +19D(Y u(x ,t) = Au(x ,t)
k ] hm m ) k ] kj

and,
(12) u(xpt)= (l#;),-; h|<1>D;n”1) u&lx EBUX L),

where the m x m, (m = 2N + 1)Toeplitz matrices IV = [§®], q =0,1,2.
i.e.,defined in [16]. By using the matrices in (11) and (12), with the notation
U = [u(x;, )], tt = [g(x;, t)] and U % = [u(x;, 0)], we can writte the equation
(1) as the following system

DU + U - AU — €BU =t

wherethesymbol >’ meansthe Hadamard matrix multiplication. An alterna-
tive solution is to convert the FBE to an integral equation by operating with
J? on both sids of equation (1), and using properties (3)—(4), we have
me-1 ; 1 2
ux, = = u®x,0)" 4 (g(x,t)—u(x,t) ux.f) Fux D)
, -

. ox?
i=0 i! Je ox
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Since 0 < a <1, we ch(oose m = 1, then, we)obtain the following system

- U=U +J

Now, for the convergence proof of the stlationAfdr+this system can be done
using fixed point Theory (see [16]—[18]). Thus the approximate solution will
converge to the exact solution.

5. Approximate solution to the FBE by collocation method

In this section we approximate the solution of equation (1) by applying the
Sinc function and fractional Muntz—Legendre polynomials which isdiscussed
in the previous sections.

First, we approximate the unknown function u(x, t) as follows:

. >n
(13) Unn(X,t) = a;;Si(x)L;(t; o)
i=—N j=0

where Sj(x) and Lj(t; a) are defined in equations (7) and (5), respectively.
Moreover,let x,beSinccollocation points. Then we approximate the differ-

au 441 d%(x,Y) 3 U ,Y) .
ential W29‘43‘d ﬁ;fﬁ)llows.
Buna(X 1) _ ZZ (d }

(14) —[S (x) L(t; @)
f—— A1
o AN dx XXk
= J(;dJS( h) w(x)]—‘“) EYCTS
i '\..- M
f—— A1
¥y swIWOW (4o
=i:7Nj:0 Aij ik gy
(125) i s .2
B U (X ) .
ot e, s por )
i N‘\...- r%'l 5 5
_z X, (dud st w001+ (L4 [S(i.h)- w7 Lt o)
IR | 4 dx? de dun x=x; 7
J=— =0
>3 (W) ()5 (s a),
=i=—Nj:oa ij dx2 bk dx ik i
and N
(16) Sl l) 22 S poDL @ g,
P
i '\.,- il
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where D’Lj(t; 0) is defined in Theorem 2.1.

Substi tuting equations (13)—(16) into the equation (1) and the initial condi-
tion (2), we get

“Unn(Xi, 1) AU (X t Uy (X, 1)
(17) g * Unn(Xe) o € e =90,
(18) Un,n(X, 0) =To(X).

Now, To find unknown coefficients a;; in equations (17) and (18) , we use
the collocation method with suitable collocation points (X, t;), where x, =

e"/(1 + e, h =md/(aN)and d = /2 fork = N; . . ., N, (see [11]) and t,
are Chebyshev—Gauss—Lobatto points with the following relation:

1 1 r

t = — _cos—r [=1L...,N

2 2 n
Substituting these points into the equations (17) and (18), we %et )
» Z"a S (x )DL (t ;C()+( P2 Za S (X)L (t;0) V adW dwlx) L(t;a)

T ir i ok gr i ak gy r
i—N j=0 i—N j=0 i=—N j=0
X X @yow) o dux)s @)
—€ ajj O + ( ) &; Li(t; @) = g(Xi,tr),
i——N j=0 dxz " dx g

n
a;;Si(xJLj(0; a) = go(X),
i=N j=0
Now, we have a system of nonlinear algebraic equations with unknown coef-
ficients a;; by using the well known Newton’s method; we can find the approx-
imate solution
Unn(X, ) = a;;Si()L;(t; a).
i=—N j=0

6. Numerical illustration

In this section, we present some examples of linear and nonlinear of FBE
to show the efficiency of the proposed method. The results will be compared
with the exact solutions. The accuracy of present method is estimated by the
absolute error Ey ,, which is given as follows:

Enn = [U(Xi, §) — una(Xi, I
Example 1. Consider the FBE.

a“u(x, t) au(x, t) 2°u(x, t)

ox* +ux.n x - ox?

=0, (x,1) € (0,1) x(0,1),

12 @ SF-E!{ IBRARY
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Figure 1. The approximate solution with a = 0.7 for Example1.

1 (x )
u(x, o) = i 1 — tanh 2t
a ( (- )t)
u(o,t) = i 1—tanh -
21
1'C (1-0.1t))
u(y,t) = 1—tanh -
1n InE
Setting € = 1, the approximate solutions are shown in Figure 1 and Figure
2 for a = 0.7 and a = 0.7, respectively. The exact solution, for the special case

a =1, is given by [16]
1 (x-0a1t))
u(x, t) = 1—tanh .
10 ane
Figure 3 shows comparison between the exact solution and the approximate
solution for a = 1. From Figure 3, we see that the obtained results are in good
agreement with exact solution.

Example 2. Consider the FBE.
au(x, t) ou(x, ) &u(x, t)
ot T ux,t) —ax — o a(x, 1), o<aci,
ux,0) =x3, u(o,t) =t°, u(L,t) =1+t
where
2t27a
'3 -a)
The exact solution is u(x, t) = x* + t.
For various values of N,n and a we obtain approximate solution of this equa-
tion. The absolute error is shown in Figures 4, 5 and 6. Also, Table 1 shows
the maximum absolute error for the various values of N, n and a. We see that
the absolute error converges to zero as N, n — .

g(x, t) = +20¢ + xt?—1).

2 @sEEX.....
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Approximate solution for 4=0.9

Figure 2. The approximate solution with a = 0.9 for Example1.

Table 1. The maximum absolute error for the various values
of N, n, and a, for Example 2.

an=6,N=3n=8 N=4n=10,N=5

43} 8.0677e-05 1.6679e—05 4.97788e-06
3

5

1.3901e—03 2.2598e—05 1.9007e-13
1.7979e—05 2.3834e—06 5.1442e—07

~. Conclusion

In this paper, we applied a basis of Sinc function and fractional Muntz—
Legendre polynomials to obtain the numerical solution of nonlinear FBE. Toget
the unknown coefficients FMLPs, we use the collocation method. The results
of the numerical examples show the efficiency and accuracy of the proposed
method.
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[ Ja=3/4&N=6,n=3

Error

Error

x10° I 1

Figure 4. The absolute error function with a = %and various
values of N, n for Example2.
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NUMERICAL SOLUTION OF NON-LINEAR F-BE USING S MC METHOD
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Figure 5. The absolute error function with a = %and various
values of N, n for Example2.
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a=3/5 & n=6, N=3
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Figure 6. The absolute error function with a = %and various
values of N, n for Example2.
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