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A Method for Extracting Affine Invariant Local Features

Using a Metric Tensor
[Takashi Toriu]

Abstract—This paper proposes a method for extracting local
features which is invariant under affine transformations. This
method is based on the metric tensor. Using the metric tensor, an
affine invariant smoothing filter and a set of affine invariant
differential operators are constructed. Then, combining them a
set of affine invariant feature extractions is constructed.
Effectiveness of the proposed method is confirmed by
experiments. (Abstract)

Keywords—feature extracton, affine invariance, metric
tensor, smoothing (key words)
1. Introduction

Affine invariance is important because images taken from
different views are transformed with each other by affine
transformation approximately. Therefore, it is desirable that
features are invariant to the affine transformation. Affine
transformation includes rotation, scaling, translation etc. As
rotation invariant features, moments such as Zernike moment
and Legendre moment are known [1-3]. In the paper [4], we
proposed a method for extracting a set of rotaton invariant
features based on 2 dimensional Herimite polynomials. A lot
of methods have been propsed on affine invariant features[5-
12]. Among them, the paper [5] describes affine invariant
scale-space based on a nonlinear evolution equation. The
paper [6] proposes a method to extend SIFT method [7] to be
fully affine invariant.

In the previous paper [13], | proposed a new method for

image smoothing that is invariant under affine transformations.

Affine invariance is achieved by introducing a metric tensor
with an appropriate transformational property against affine
transformations. Affine invariance means that the result of
smoothing after an affine transformation is the same as the
result of the affine transformation after smoothing. The usual
smoothing method by Gaussian filtering is not affine invariant.

In this paper, | propose a method for extracting local
features which is invariant under affine transformations. This
method is based on the metric tensor as the method of affine
invariant smoothing mentioned above. We regard that feature
extraction is a process of converting the input image to an
image representing the local feature. Affine invariance means
that the result of a feature extraction after an affine
transformation is the same as the result of the affine
transformation after the feature extraction. In other words, if
affine transformation and feature extraction are commutable,
the feature extraction is affine invariant.
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The method proposed in this paper is based on the metric
tensor. Using the metric tensor, first, an affine invariant
smoothing filter is introduced. Next, a set of affine invariant
differential operators are constructed. Then, combining them a
set of affine invariant feature extractions is constructed.
Effectiveness of the proposed method is confirmed by
experiments.

n. Affine Invariance

A. Definition
We assume that the point (xq,x,) is transformed to
(x'y, X', ) with an affine transformation

X'y = 8y1% + AgpXy + Dy,

We represent this transformation as T and the above
transformation (1) as

(X1, %2) L) (X1,X'2)

2)

When the point (x,X,) on an image I(X;,X,) is

transformed to the point (x';,x',) on another image
I+ (x4, %,) according to (1), and the following equation
(X1, Xz) = I1 (X1, X'2) 3)

is satisfied, we call 1;(X,X,) the affine transformation of
[ (X, X,) . We represent it as
103,%) — >

4)

I+ (X, X2)-

Let the image I (xy,X,) be the affine transformation of an
image 1(X;,X,) by T as in (4). Let the 1-(x;,x,) be the
result of feature extraction of the image 1(x;,X,) . We call
I (X, X,) simply as the feature image of I(X;,X,) . Let
I+ (X, X,) be the feature image of  I;(x;,x,) , and
I'e1 (X, X,) be the result of the affine transformation of the
feature image 1 (Xq,X,) as

T
e (X, X2) —— T (X, %) ®)

(t
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Based on these preparations, we define affine invariance
of feature extraction as follows. If the following equation

Ter (%1, X)) = 11 (Xg, Xp). (6)

holds, we define this feature extraction as affine invariant
feature extraction. According to this definition, if the feature
extraction is affine invariant, the feature image after affine
transformation and the affine transformation of the feature
image are the same. In other words, affine invariance means
that feature extraction and affine transformation are
commutable.

B. Metric Tensor

In this subsection, we consider a method to construct a set
of affine invariant feature images. For this purpose, we
introduce an evaluation function J(1(x,, x,),G) as

J(1(%, %), G

)=1 Z.,G.,[ll o XmdXz/ detG), (7

]
where G is a metric tensor which satisfies following
transformation property

G[1] SLEN Gii[lr]1=2x,awa;Gull],
G[l;]1= AG[I]A

(®)

where A is the matrix element consist of a;s, and A" is the
transpose of A. Here det(G) is the determinant of the matrix

G, and 1/,/det(G[1]) is the area element. This evaluation
function is affine invariant as is proved below.

Theorem 1:

Under the following affine transformation,

(%, %3) L) I+ (X1, X2),

9)
G;l1] SN Gjjll+ 1=k a5a;Gu 1],
the evaluation function (7) is invariant as
J(1(xg, %), G) = I (11 (¥, %,), Gl ]) , (10)

Proof of the Theorem 1

Differentiating both sides of (3) with respect to x, or x,,
we obtain

ol (X, %p) _
X

alT (Xll‘XIZ) (ll)

Xy Ol (X', X5)
kT R27 N g,
k 6xi ax.k Zk ki 6x'k

Using the relation on the area element under affine
transformation,
ox'y  OX'y
vt 0%y  OXy
dx’; dx'; =det o, ox, dx,dx,, (12)
0%, 0%
we obtain
ol ol

‘](I(Xllxz) ) HZHG.]U]
——dxldle,/det (G[17)

dxldledet( A det(AG[I, 1A (13)

——dxldle det(G[1])
ﬁ Z| j.k |GI][I]akIa|J
.UZI jGIj[IT] a

IIZ.,G.,[IT] a dx dx', //det(G[I1])

= ‘](lT (X]_, XZ),G[lT]),

Thus, the theorem 1 is proved. From this theorem we can
prove the following theorem.

Theorem 2:

The 2 by 2 symmetric matrix G™M™N that minimizes the
evaluation function (7) is transformed as follows under the
affine transformation.

T
[(X, X2) —> 17 (X, %,),
T
GMMy] —— MW ]=% &y, MM 1.
(14)

This theorem means that if GM™MN[I] minimizes the

evaluation function J(I(x,%),G), G™™)[1+] minimizes the
evaluation function J(l;(x,X,),G).

Proof of theorem2:

We assume that the minimum of J(I(x;, x,),G) is

‘](I(leXZ)vG(MIN))

=ﬂ2iyjG(M'N)ij[l]%a(%ldxldxz/,/det(G(M'N)[I]):MIN (15)

i
Let 1+ (X, X,) be the affine transformation of 1(x,X,)

and GMMN[1.] be the affine transformation of GM™N[17.
From the theorem 1,
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I(0r (%4, %), G ]) = I (1%, %,), GM™[1]) = MIN.
(16)

This equation implies that GMMN)[1,.] minimizes the
evaluation function J(I; (X, X,), G). In fact, if not, there exit
Gother SUCh that J (17 (X1, X5), Goher) 1S less than MIN . Then,
from the theorem 1, J(1(xy, X,), Gother[1;-1]) is also less than
MIN for Gope [l 11, that is inverse affine transformation of
Gother - It is contrary to the assumption that the minimum
value of J(1(X,X,),G) is MIN .

In this way, the following statement is proved:
GMMNI[1.1 minimizes J(I; (., X,), Gy) . The metric tensor
GM™N) depends on the image 1(x,, x,) . Therefore, we denote
it as G[I]. When the image 1(x;,x,) is transformed to
I+ (%1, X,) by the affine transformation, G[I] is transformed
to G[l;]as in the equation (8). In the appendix A, we show
how to obtain G[l1] which minimizes the evaluation function

(7).

c. Affine invariant differential operator

Using the metric tensor G[l], we define an affine
invariant differential operator H[1] as

H[|]=Zi,jGij[|]% (17)

The differential operator H[I]is a generalization of the usual
Laplacian operator

2 &
Vi=2—5. 18
Z.axiz (18)

The image 1(X;,X,) is converted to
Tp (% X2) = HIT(x, %) - (19)

We can regard I,,,,(x,%,) as an example of feature images.
Theorem 3:

The operator H[I] is affine invariant. That is, the next
relation holds.

Tpgy (4 %) =1 (20)

TH[IT](X1'X2)'
Proof of theorem 3:
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First, we notice that

0? o ox, o
H[=Y, Gi[I]l—=Y, .G;[I]— ——
[ ] Zu u[ ]aX aXJ Z|,] u[ ] axi 0Xj aX,k aX'|
: 1)
Z| ]GIJ[I]akIaU a 6X'
Let Ip(X,Xp) and lypy(%,%Xp) be the affine

transformations of 1(x;,X,) and Iyp1(Xq,X;) , respectively.
Then, the relations

1(%, %) = I (X', X2), Tapiy (%, %) = Thpy (x1,x3)  (22)
hold for the affine transformation (1) (see (5)). From (17) and
(19) we obtain

2
Lt O Xo) = HITTI (4. %,) = X Gy ]a )

%17 (X, X',) T (X1,X5)
:Zi,j,k,lGij[l]akiale Zk|Gk|[| ]&(k—éx
=H I () = b (60 Y),

(23)
where H[I;] is
az
H[IT]=Zk,IGkI[IT]m (24)

From (22) and (23), the relation (20) is confirmed. Thus, we
see that the differential operator and the affine transformation
is commutable. In other words, the differential operator can be
regarded as an affine invariant feature extraction.

In order to construct a set of affine invariant feature
extractions, we consider powers H[I]" of the differential
operator HI[IJ.

Theorem 4:

The operator H[I]" is affine invariant. That is the next
relation holds.

IH[I]”T(Xl‘XZ): ITH[|T]” (X, Xp). (22)

Proof of theorem 4:

The theorem 4 is proved by mathematical induction. When

n=1, H[I]" is affine invariant from the theorem 3. We will

(t

SEEK

DIGITAL LIBRARY



Proc. of the Fifth Intl. Conf. Advances in Computing, Communication and Information Technology- CCIT 2017
Copyright © Institute of Research Engineers and Doctors, USA .All rights reserved.
ISBN: 978-1-63248-131-3 doi: 10.15224/ 978-1-63248-131-3-18

prove below that H[I]"" is affine invariant when H[1]" is

affine invariant. First, we notice that

IH[I]n (*1, %) = |H[|]nT(X'1:X'2) . (23)
Apply H[I]to the left-hand side of (23), we get
62|H[|]n (X1!X2)
IH[I]M(xl,xz): H[I]IH“]n (leXZ):zi,jGij[l]W
2| (X, X,)
HOMp 2 102
ZZi,j,k,IGij[I]akialj ax'ljﬁx‘, (24)
A (X, X,)
:Zk,IGkI[IT]%
=HIT, o 0Y) =g, (0Y) = ey e (Y.
This equation implies (22). Thus the theorem is proved.
Next, we consider the following differential equation:
W = H1 (% X 0011 (%, X1 ) - (25)

Equation (25) is an anisotropic diffusion equation. If we set
initial condition to be

(X, %2,0) = 1(Xqg, X3), (26)

the solution 1(x,, x,,t) of (25) can be represented formally as

I (%, Xp,t) = K[, 111 (%, %) 27

where KJ[I,t]=exp(H[I]t) . The solution 1(x;,X,,t) is
considered to be the result of applying the operator KJI,t] to
the image 1(x;,X%,).

Theorem 5:

The operator K[I,t] is affine invariant. That is, the next
relation holds.

Tty O %2) = Iy g (% %) - (28)

The proof of this theorem is seen in the appendix B.

The operator KI[I,t] can be regarded as a kind of
smoothing operators. It may be valuable to recall the case of
Gaussian smoothing. We consider the following diffusion
equation.
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2 2
d|(X1,X2,t) — 6_+a_ l. (29)
dt x> Xy
The solution is expressed as
(%, Xp.t)
(% - Xll)z +(X =X )2 (30)

iﬂtﬂ 1(x1,X,0)exp(- )dx; dx’,.

42

From this analogy, we can regard the smoothing by equation
(27) to be natural extension of Gaussian smoothing, but it is
affine invariant.

D. A Set of Affine Invariant features

The differential operator H[I]" has property of a high-
pass filter and the smoothing operator K[I,t] has property of

a low-pass filter. Combining them, we can construct a set of
affine invariant local features which have property of a band-
pass filter. Band-pass property would be desirable for feature

extraction. Since both of H[I]" and K][I,t] are affine

invariant, the combinations also are affine invariant. Thus, we
obtain a set of affine invariant local features.

More specifically, the set of affine invariant local features
are constructed as follows. First, the metric tensor G[I]

specific to the input image 1(X,y) is generated by the method
described in the appendix B. Then, the image 1(x,y) is

smoothed by solving the differential equation (25). The
solution is represented formally as (27). Next, the smoothed
image is successively processed by the differential operator
HI[I] and the series of images

HIKD AT O %), KD O %), - HP K0, %), -
(1)

are results of affine invariant feature extraction.

m. Experiments and Results

We conducted experiments to confirm effectiveness of our
method. We used a following synthesized image of 512x512
pixels as an input image:

X2 2
I(x,y)=exp[—{ >+ y > |}
20" 20,

where o, and o, are randomly determined according to

uniform distribution between 10.0 and 20.0. We prepared 64
images. These images were affine transformed, where affine
transformation matrix As are determined randomly as

(t

(32)
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1+ O.5(r11 -0.5) 0.8(r12 -0.5)

A=l 08 0 0 0.5) | (33)
. (r21— 5) 1+ .5(r22— .5)

where rq, ry, rsy, and ry are random variables uniformly
distributed between 0.0 and 1.0.

Using these data, we conducted experiment to compare
two cases. One is the conventional method where the metric
tensor is constant and has values g¢;;=¢,,=1 and

01, =0, =0. In this case, the image is isotropically smoothed

and differentiated by the usual Laplacian filter successively.
The other is the proposed method

An example is shown in Figure 1 for the usual method. In
the figure, the top-left represents the input image. The top-
right represents the affine transformed image. The feature
images are calculated for these images. The feature image of
the input image is shown at middle-left and the feature image
after affine transformation is shown at middle-right of the
figure 1. The result of the affine transformation after feature
extraction is shown at bottom right. The feature image after
affine transformation and the affine transformed image after
feature extraction is not the same in this case. It means that the
feature extraction is not affine invariant.

-

the

Figure 1. An example of the experiments in the case of
conventional method.
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Another example is shown in Figure 2 for the usual
method. In the figure, the top-left and the top-right represent
the input image and the affine transformed image,
respectively. The feature image of the input image is shown at
middle-left and the feature image after affine transformation is
shown at middle-right of the figure 2. The result of the affine
transformation after feature extraction is shown at bottom
right. The feature image after affine transformation and the
affine transformed image after feature extraction is the same in
this case. It means that the feature extraction by the proposed
method is affine invariant.

We evaluated average pixel error (mean square root error)
for 64 times trials each between two images; one is the result
of feature extraction after affine transformation and the other
is the result of affine transformation after feature extraction.
The result is shown in figure 3.The horizontal axis represents

o =42t , where t is the parameter in (27). From the figure, we
can see that the error is significantly small in the case of the
proposed method compared with the case of the conventional
method. The error is normalized by the standard deviation of
the pixel values of the feature image. From the theorem
declared in this paper, the error should be exactly zero
mathematically. The error observed in the experiment is
considered to be from discretization error of finite sized
images.

T
—

-

N

|
— -
. . 11.

Figure 2. An example of the experiments in the case of the proposed

of the method.
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Average pixel erros
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0.00E+00
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==@— conventional proposed

Figure 3. Average pixel error (mean square root error) between two
images; one is the result of feature extraction after affine transformation
and the other is the result of affine transformation after feature

iv. Conclusion

In this paper, we proposed a method for extracting local
features which is invariant under affine transformations using
a metric tensor. We showed that an affine invariant smoothing
filter and a set of affine invariant differential operators can be
constructed using the metric tensor. Combining them, a set of
affine invariant feature extractions was constructed. Feature
extraction is affine invariant, if and only if affine
transformation and feature extraction are commutable. We
showed that this commutability is achieved in the proposed
method by a computer simulation.

Appendix A

In this appendix, we show a method to obtain G[I] that
minimizes the following evaluation function.

ol ol
I(104,%),6) = [[ 2 ;Gy[1]———dxdx, /|/det(G) ,  (A-1)
’ X OX;

Since equation (A-1) does not change by replacing G[IJ;
with kG[I];, we can only obtain the solution that minimize (A-
1) except scale factor. To fix the scale, we assume that
determinant of G is unit as

G[11,1Gl1],~Gl1}," =1.

In this case, since the relation G[I;]= AG[I]A" holds as is
shown in (12), determinant of A should be unit, because

(A-2)

det G[1; ]=det(AG[I]A") =det Adet G[I]det A (A-3)

Thus, affine transformation must be restricted to such
transformation that does not change area of any region in the

image. Then we again rewrite the evaluation function by
introducing Lagrange multiplier as

J(1(%,%,),6)
S GGty 3e(E) - A(Gl1 TG -Gl -,
i O]

(A-4)

Differentiating (A-4) by G, [I], G,,[I] and G,[I], we obtain

2
aJ al
6] :H[axl] dxdy —AG,,[1]1=0,

(A-5)

2
o ol B _
Gl = {axz ] dxdy -Gy, [1]=0,

aJ ol | al
Goll] =2f [a)(lj[axz]dxdy +24G,[11=0.

Now we set D,;, D,, and D;,to be

2
alj dxdy,
O0Xq

2 (A-6)
Dy =1 [ailzj dxdy,

ol ol
Dy =]f [%J[%jdmy,

then we obtain

Dll_.[[(

ol 2
Gl = ﬁ[aj dxdy/Z = Dyy/ 2,

X

a2
oI}, = ﬂ[axj dxdy /4 = Dyl A,
2

(A7)

ol Y ol
Gy[l]1=-[| — | = |dxdy/A =-Dy,/A.
1o[1] H[axlj(axzjxy 12
Since

2
_ DDy = Dyp”

G,1[11G,,[11-Gl1],” =L (A-8)

A is determined as

[ 2
A= D11D22 - D12 :

Therefore G;[I], G,[I] and G,[I] are obtained as

(A-9)
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/ 2
Gyi[11=Dyy /4D13Dyp =Dy
/ 2
Gzz[']:Du/ D11D22—D12 '
/ 2
GlZ[I]:_DIZI Dy;1D5-Dyy"

Thus, we obtain G,;[I], G,,[I] and G,[I]that minimize the
evaluation function (A-1).

(A-10)

Appendix B

In this appendix, it is shown that the feature extraction
K[l,t] is affine invariant. First, we recall that if a feature

extraction F is affine invariant, next relation holds.

Ter (%1, X0) = Ip (X, X0). (B-1)
This is equivalent to
IF(XllXZ):ITFTfl(Xl!XZ)I (B_Z)

where T is the inverse transformation of T . Therefore,

feature extraction F is affine invariant, if and only if the next

relation holds.
F=TFT*, (B-3)

From this, we can prove the statement that if H, and H, are
affine invariant, H, =H; + H, and H,, = H;H, are also
affine invariant. In fact, it is easy to see

THET =T (Hy+Hp)T H=THT M+ TH,T ™ = H, + H, = Hp,
THy T =THH, T =THT *TH,T = HiH, = Hy,.

(B-4)

In the same way, we obtain

TK[ILtT =T exp(H[IT)T * = TZ(H[I]t)

n+-1 -1
:ZT(H[II;)T ZZ(TH[Ir]]':' t) Z(H[I-]t) .
(B-5)
From this equation, we obtain
TK[I,t]= K[I,t]T . (B-6)

This formula indicates that the feature extraction KII,t] is
affine invariant.
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