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Abstract:

In this paper we have introduced a computational
method for a class of Telegraph Equation change to
two-dimensional nonlinear Volterra integral equations,
based on the expansion of the solution as a series of
Haar functions. Also, by using the Banach fixed point
theorem, we get an upper bound for the error of our
method. Since our examples in this article are selected
from different references, so the numerical results
obtained here can be compared with other numerical
methods.
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I. Introduction
The first working telegrapher's equation was built by
Atlantic Telegraph Company In December 1856.
That Thompson's mathematical model for the signal
conduction through cables was based on Fourier's
equations for heat conduction in a wire. But early
1850s the question of a transatlantic telegraph line
was raised, and the question appealed so much to the
physicist William Thomson, later Lord Kelvin, that
he started developing a mathematical theory for
signal decay in underwater telegraph cables. In
telegrapher's equation describing the variation of
voltage u along an electrical cable as function of time
and position,
Uy + (o + Bug + af u = c?uy,. (1(
Where c? = % a= %,B = %which consists of a

resistor of resistance R, a coil of inductance, L, a
resistor of conductance G, or a capacitor of
capacitance C. In 1893, the physicist Oliver
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Heavyside showed that if % could be made equal to %

(or RC = GL), a constant velocity of propagation
would result and the attenuation would be minimized.
The equation is a special case of nonlinear Cauchy

problem as follow:

T+ 2 (fxtw) =20 +
WhICh

(x,) EW:={(x,t):x+t=>0, x—t=0},
With the change of variables x' = x + t and
t'" = x —t, we have

2 (g(xt,w) + h(x t ).

62U+6( f)+a(+f)—h
ox'or ot © ox T =T
or

9°U  OF 09G _

ax'at’ ot ax'
That

Xr+tr xr—tr
2 ' 2 ),

1
HEX',t',U) = — Zh(X" t’,U),

U, t) =+ u(

1
F(,t,U) = 5 (F(x,t, 1) — g(x',t', 1),

1
G, t,U0) = ~2 (fx',t,0) + g(x', t', ).
With the integration of the x’, t’ we have:

BZU(X t) o
f f “axor X dt
T (X9F(x',t', U(x',t'
= f f (U)o
ox’

0 0
T XoG(x,t, U, t'
+ f f (48 UGLED) oy
A at

T X
+J- f H(x',t, U(x',t"))dx'dt’.
0 0

Thus
T X

U(X,T):f fH(x’,t’,U(x’,t’))dx’dt’
0 0

¥ J-T (F(x’,t', U, t)) — F(0,t, U(0, t’))) dt’

X
+ f (G, t, U, ) — G(x,0,U(x, 0)))dx’
’ +U(X,0) + U(0,T) — U(0,0), (2)
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If
T

R(XT) = _f F(O, t’, U(0, t’))dtr
0

X
- f G(x',0,U(x’,0))dx’
0

+ U(X,0) + U(0,T) — U(0,0), (3)
Then from (2) and (3) the equation (1) is equivalent
to the following 2D Volterra integral equation as

T rX
U(X,T)zf fH(x’,t’,U(x’,t’))dx’dt’
0 0
T
+f F(x',t, UX,t))dt’
0

X
+ f G, t, U, t')dx + R(X,T).(4)

0
The first work for the solution of two-dimensional
linear Volterra integral equations has been done by
Brunner and Kauthen [2], who introduced collocation
and iterated collocation methods (VIE). Kauthen has
extended this study to the case of linear Volterra-
Fredholm integral equations (VFIE) [8] and Brunner
has considered in [11], the case of nonlinear VIE.
In general form, 2D Volterra integral equation can
be rewritten as

y X
ux,y) =f(x,y)+f f W, (t s, u(t, s))dtds +
0o Jo
O(J‘YW2 (%,5,u(x,5)) ds
0

+B f W;(y, t,u(t, y))dt. (5)
0

Where x,y,t,s € [0,1] , u € X = C([0, 1]?) and
o, € Rand f: [0, 1]? - R?,
Wy, W,, Wy:[0,1]% X R? - R?,
are assumed to be known continuous
functions satisfying the Lipschitz condition, that
is, there exist M,, M,, M5 = 0 such that:
|W1(t' S, vl(x' Y)) - Wl(t' S, U, (X, J’))|
< Mi|vy — vy,
|W2 (X, s, v1(x, s)) - W, (x, s, vy (X, y))|
< Malvy — vy,
|W3 (Yl tvy (t, Y)) - W3 (y' tv, (t' Y))|
< M;lvy — vy,
where vy, v, € R2, and the unknown function to be
determined is u: [0, 1]2 — RZ2. The numerical results
presented in that paper show a fast convergence of
another method, when applied to integral equations.
To achieve this aim it is necessary to define the
integral operator, T: (X, ||- |lo) = (X, |1+ |lco)-
By applying this operator in Eq (1), we have

Yy rx
Tu(x,y) = f(x,y) +f f Wl(t, s, u(t, s))dtds

+a nyZ (x,s,u(x,s))ds + fo3 (v, t,ult,y))dt (6)
0 0

75

The Banach fixed point theorem guarantees that
under certain assumptions [1], the operation of
equation (1) has an unique fixed point; that is, the
two-dimensional Volterra integral equation has
exactly one solution.

II. RH functions

The orthogonal set of Haar functions is a group of

square waves with magnitude of +22,—22z and 0, for
any i=0,1,..[9]. Lynch and Reis [5] have
rationalized the Haar transform by deleting the
irrational numbers and introducing the integral
powers of two. This modification results in what is
called the rationalized Haar transform. The RH
transform preserves all the properties of the original
Haar transform and can be efficiently implemented
using digital pipeline architecture [14]. The
corresponding  functions are known as RH
functions. The RH functions are composition of only
three amplitude +1,-1 and 0.

Definition 2.1

The RH wavelet is the function defined on the real
line R as follows:

1 0<ts§,
H =y_1 1<t <,
2

) 0  otherwise.
The RH functions h;(t), for any n = 1,2,... where
l=2"+4j, with i=0,1,.. and j=0,1,..,2"—
1, are defined by h;(t) = H(2" t — j)|[o)- That is:

( — o1
1 p2< <G+ 27,
HQ2't—j) = o1 _ :
-1(j+ E)Z_l <t<(+1)27
] 0 otherwise.
Also, we define hy(t) =1, for all t €[0,1), and
integer 2%,i=0,1,.., indicates the level of the

wavelet and j=0,1,...,2 —1 is the translation
parameter.
Note that the basic multiplication properties of RH
functions are as follows:

ho(Ohq(t) = he(t) for q € Z* U (0),
Also, it can be shown that the sequence {h,,};, is a
complete orthogonal system in L2[0,1] .
Note that the orthogonality property is :

(hy (D), hy (D)) = f hy (Dhg(Ddt
0

271 1=q=2"+j,
0 1 #q.

for £ € €[0,1], the series 3, 2/ (f, h;)h;, converges
uniformly to f, (see e.g.. [16]), where

®
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(f hy) = f FOR@)dt

Thus the function f(x) in L2([0,1]) can be expanded
with finite terms of RH functions as
f00) =X fili () = fTH (),
where m = 2%*! that « =0,1,... , and the RH
function coefficients f; are given by:
(f (x), hy(x))
(hy(x), hy(x))
That vectors f and H are defined by
f=ofu o fmal,
and
H(x) = [ho(x), hy (x), ..., b1 ()],
and the integral h;(t) is given by
1 1=0,
Jy (®)dt = { ®)
0 1+0.
Also we have:

X
f H(t)dt = PH(x), (9)
0
where P is a m X m operational
integration and is defined by

2mPmm  —®m m
2 2 2 2 , 10
0 (10)

2m\ &~ tm m
2 2

matrix for

Poxm =

wherein @,,; = [1], Py = [i], and ®,,,,,,,is given
by (7), while

P m =

17, diag 1122,2%...,22,2%..,23,.,2,... 2 |.
m T T
III. Numerical
approximation of the
solution
In this paper we have used the successive

approximations method for (5), with initial condition
ug = u(xy,y,) that uy € €([0,1]%), (usually
f(x,y)). This iterative process will continue until a
suitable error. For any x,t € [0,1],and n = 1 and

m = 2™*1 € N, we define recursively

« f " Om(21009))ds

1/’711—1(1': S) = W1 (t' S, un—l(t' S)):
Iprzl—l(x' S) = WZ (X, S, un—l(XJ S)):
lp?l—l(y' .t) = W3 (y' tv Up—q (tv Y))v
we can expand ) _, for i = 1,2,3 in terms of RH
functions as

Y1 (t,s) = H' (K, H(s),
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Vi1 (x,8) = H' (X)K,H(s),

i1, t) = H'(y)KzH(t),
If Q,, be an orthogonal projection with following
interpolation property we have

QmWh-1)(t,s) = TPo Xt k(P by (DR (s), (11)

mlml

WD) = D) D kPh(he(s), (12)
=0 q=0
m-1m-1

O (WD, = kig i@ (6, (13)
=0 gq=

Note that wherein K, = [k(t) fore=123

KD =27 3 <hl(t> NG s) he(s))), (14)
k@ = 2 7 (), (Y2(x,5), hye(s))) (15)
k(3) _ (M), (W2 (7, 8), hy (1)) (16)

withi,j = 0,1,..., where
l=2f+k k=01,...,2/ -1,
q=2'+k kK =01,..,2"-1,

Now, by using the RH function vector H(t), the
matrix ®,,,,, is defined as:

= 1 3

v = [H(5) H (55) - HEED]. ()

For example, the eight RH functlons can be written
in the matrix form as

2m1

1 1 1 1 1 1 1 1
1 1 1 1 -1 -1 -1 -1
1 1 -1 -1 0 0 0 0
& |0 o0 o 0 1 1 -1 -1
mxm 1 -1 0 0 0 0 0 0
0 0 1 -1 0 0 0 0
\ 0 0 O 0 1 -1 0 0/
0 0 O 0 0 0 1 -1
Thus by using this equation we have
=~ T ~ ~\—1
K= (®pkm) K. (®) . t=123,18)

where K, = [(kt)U] o fort =123, and
i,j=12,...,mas

™ 2i-1 2j-1 ..

(ke = wt( L) =12,..,m, (19)

and t = 1,2,3. Thus for the 2D Volterra integral
equation as we have:

Y rx
w00 y) = fO0y) + f f 0 WL (6, )deds
0 0

+6 [} Qm (W31 (e 3)) dti = 123, .,

Error analysis
In this section, by using the Banach fixed point
theorem, we get an upper bound for the error of the
our method, and the order of convergence is
analyzed.
Lemma 4-1

(20)
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Let W;, W, W;5:[0,1]*> X R? - R?, be continiouse
and Lipschitzian with Lipschitz constants L,, L, and
L4 such that |[W;(x,t)| < L; for i = 1,2,3, then T has
an unique fixed point and for all u, € €([0,1]2)

[ = Ti o)l < 1T (o) — ol X X2 7,(20)
where ¢ = L, + |a|L, + BL; < 1 and u is the fixed
point of T.

Proof:

For the Fredholm Hammerstein integral equations if
v,z € C([0,1]), we have:

| T(u(x,y) = T(v(x )| =
| foy fox Wl(t, s,u(t, s)) - Wl(t, s, v(t, s))dtds +

a nyZ(x, s, u(x, s)) —W,(x,s,v(x,s)) ds|
0
+.8J- W3(y' t'u(t'y)) - W3(y' t'v(t'y)) dt
0
< fyf |W1(t, s, u(t, s)) - Wl(t, s, v(t, s))dtds|
0 3
+|a|f W, (x,5,u(x,s)) — Wy(x,s,v(x,5))|ds
0
4 [ Wy 6u(6,) = Wy, 0@ )] de
0 Y ox
<L ,8) —v(t,s)|dtd
) fo folu(t s) —v(t,s)|dtds
+|0(|f [u(x,s) —v(x,s)|ds
0
+ﬂf Ju(t, ) — v(t, y)ldt

< L1||u — Voo +latlLy|lu = vl|o
+BLs|lu = vl]o < (Ly + |alLy + BL3)|Iu = vl
By induction, for the 2D Volterra integral equation
and everyn € N we have

HT" ) = T"@Dllw < 4™ 1Y = 2 |lo,
since g < 1 thus we have:
Ln=allT"(y) = T (2Dl < o0

Thus T has a unique fixed point which means that (5)
has a unique solution and (21) follows from the
Banach fixed-point theorem.
Theorem 4.1.
Assume that ¢/ € €([0,1]%),j = 1,2,3,
{u;};» 1is a subset of €([0,1]?), and the functions
Wy, W,, W5 € C([0,1]2 x R?), are lipschitzian
functions at its third variable, then we have
lu —willeo < T (uo) = wollen Xj=i 47 +

}:1 q77g(22) ).
Proof

Jj
If Li_, = maXH Wiy

and

”aw{ L

},j = 1,2,3, for

the 2D Volterra integral equatlon and m = 2*1 such
that i = 0,1,..., then

77

T (-1 = willeo < -1(t,s)

— Qm(i_1(t, 5))dtds

[oe]

y
tlal f W21 (5) — Qm(PPr (1, 5))ds

+1BI

— Qu(i1(t,y))dt

< |ty = QDI
+ lal|lWs = QnWEDI|
B[ = en WD

If we define

9t s)=vi 1 — Qnhi1),

and interpolating property and the mean value
theorem for two variables with ¢, = 0, and

1 12 1 v,
b= o T om S = omrt T omy
Where
i =2™M + v,
j=2"+v,, n,n,=21i,j<m—-1,
we have
i1 — QWi e
dg
= ||g(ti'5j) +ﬂ(5; YIE—t)
a
+—g(f,y)(y—sj)||
=0 -ewF2Ene-en Tt En|.
maX{IIE—t ||oo,||y—sjll }
<2 10 - 0l [H e + = |
T
< —,
21

thus we have
IT (i) = willo < (1 + lal + B 52 .
If (1 +lal + 18D =22 < g, for k= 1,2,..,i, that
E1,Ep,.0 , & > Ofor i > 1, we have
N7 (uim1) — willoo < €:(23).
Applying the triangle inequality and we achieve.4
lu —wille <
|u—Ti(u0)|w + Z; 1qi_j||T(uj 1)
From (4.1) and (4.6) we conclude

lu = willos < 1T Cuo) —uonwzqf +Z a7
j=i j=1
IV. Numerical examples

In this section by using the method presented in (20)
is solved some examples from different references.

®

- uj||w. (24)
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The main characteristic of this technique is that does

not lead to a nonlinear algebraic equations

system. The following algorithm, based on the

method presented in Section 3, has been used to solve

Examples.

Algorithm 5.1

1. Produce matrices H(t), ®,,xm, and P.

2.Fori = 1to k do,

3. Product Matrix K,, K,, for t = 1,2,3 from (14) to

(17) and (18).

4, Compute Q,, (¢ ) (x, t) for t = 1,2,3 from (11) to

(13).

5. Compute u;(x,y) from (20) for the assumed point.

6. Go to step 2.

Example 5.1. [15] consider the special case of

Cauchy problem equation on X = [0, 1] x [0,1]
u(x,t)

1 t rx _
= Zf f {sin(u(y, z)) cos (y 5 Z) sin (y -Zl_ Z)
0 Jo
— +
+ co:(u(y, z)) sin (y > Z) cos (y > Z)} dydz
—%f {sin(u(y, t)) + cos(u(y, t)) — sin(u(y, 0))
0
, = cos(u(y, 0))}dy
+%f {cos(u(x,z)) + cos(u(x, z)) — cos(u(0, z))
0

+ sin(u(0,2))}dz + sin® (;—C) — sin? <%>

The exact solution is u(x,t) = sin(’%t)sin(’%t).
The comparison between the approximate solutions
obtained by Haar wavelet method and Legendre
polynomials method( [13]) is given in Tablel. There
is a good agreement between these methods. In

Fig. 1, we have shown a error equations. In this
example the run time for m = 64 is about 46.828

seconds.
Table 1. Numerical results for Example 5.1

(x, t7) Legendre Presented Presented
polynomials method method
method With With
([13]) m = 2° m = 2°
(0.02) | 1.5%x10°° 0 0
(02,04) | 6.4x107 | 219 x107® | 5.89 x 1077
(0.3,06) | 5.6 x 107 | 293 x107® | 7.36 x 1077
(0.4,0.8) | 3.5x 1075 | 3.53 x107® | 9.29 x 1077
(0.8,1) | 33x107® | 2.80x 1076 | 7.26 x 1077
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Figure 1: Error function for Example 5.1
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