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Solving nonlinear Volterra integro-differential
equations of fractional order by generalized triangular
operational matrix

[ Mahnaz Asgari |

Abstract— In this paper, a computational method based on
triangular functions for solving a class of nonlinear Volterra
integro-differential equations of fractional order is presented.
Generalized operational matrix of triangular functions is
constructed and used to transform the equation to a system of
algebraic equations. Some numerical examples are provided to
illustrate the accuracy and efficiency of the method.
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I Introduction

The fractional derivative has been occurring in many
physical problems such as, phenomena in electromagnetics,
acoustics, the modeling of earthquake, electrochemistry, and
material science are described by differential or integro-
differential equations of fractional order[1-4]. The reason is a
realistic modeling of physical phenomenon, having
dependence not only on the time instant, but also on the
previous time history, can be successfully achieved by using
fractional calculus. Deb et al. in [5,6], proposed orthogonal
triangular function (TF) sets derived from the block pulse
function (BPF) set. They calculated the operational matrix for
integration in TF domain and they established with illustration
that the TF domain technique is more accurate than the BPF
domain technique as far as integration is concerned.

We used generalized operational matrix of TFs [7] for
reducing the nonlinear fractional integro-differential equation
to a set of algebraic equations.

Our topic is fractional integro differential equation(FIDE) as
following

Dey(t) = f(t)+a(t)y(t)+ j;k(t, s)[y(s)]"ds, 0<t<T,
1)

with these supplementary conditions
y?0)=y, i=01.,p-1, p-1<a<p, peN.

II. Basic definitions

Some basic definitions and properties of the fractional
calculus theory and TF are given in this section.

Definition 2.1 The Riemann-Liouville fractional integral
operator of order & > 0 is defined as

f(s)

L ds, t>0.
(t—s)™

1 (t) = a>0,

1
(@) .[o
1°F (t) = f (1),

Definition 2.2 The Caputo definition of fractional
derivative operator is given by

D f(t)= 1"“D"f (t) = —F(nl_ 5 [lt-9) 1O 5)as,

where Nn—1<a<n, neN, t>0.
Two basic properties are
D1 f(t) = (1),

n-1 k
1D f (t) = f(t)—Zf(”(O*)%, >0, n-1<a<n.
i=0 -

Two m-sets of triangular functions are defined over the
interval [0,T) as[5]

t—ih ) )
TL(t) = 1_T ih<t<(i+1)h,
0 elsewhere.

t—ih ) )
T2.0=41 ih<t<(i+1)h,
0 elsewhere.

where, i =0,...,m—1,and h = l
m
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The set of TFs may be written as a vector T1(t) and T 2(t)
of dimension m,

T1() =[TL )., TL, . (O

and
T2(t) =[T2,(1),- T2, (O],
then
T(t) =[T1(t), T2(t)] .
The expansion of a function f (t) over [0,T) with respect to
TFs, i =0,...,
f(t); f(t)=F1TL(t)+F27T2(t) = F'T(t),
(2)

F1 = f(h) and F2 =f((i+1)h) for
i =0..m-1. The vectors F1,F2 are called the 1D-TF
coefficient vectors and 2m -vector F is defined as

F=[F1,F2].

Also, the positive integer powers of a function f (t) may be
approximated by 1D-TFs as

HOIE @

where X is 2m-vector whose elements are nth power of the
vector F. It is easily established that[8]
T

m —1 may be taken as

where,

R,

TTOBT@):; B T, @
and

TOTT(E)X; XT(), (5)

in which B is a 2m-vector with elements equal to the
diagonal entries of matrix B and X =diag(X) is
2mx 2m diagonal matrix.

Integration of any function f( can be approximated as

J:f(s)ds; I;FTT(s)ds; FTPT (1),

where, P is operational matrix of integration [6].

I11. Generalized operational

matrix of TF
In this section, generalized operational matrix of TF for
fractional calculus is derived. For T1, (t), applying definition
of the convolution, we get

1“TL(t) = —— j (t—s)**T1(s)ds

= %{t“‘ *TL ()} 0<t<T,

we use Laplace transform to find this integral

T ()3 = —L{t“ THATL (M},

I'(a)
where,
E{t“ '} = @
and _
E{TL ()} = £{u(t—ih) -ﬂu(t —ih)
i ('+1)hu(t (i+1)h)}
B e—lhs e—lhs e—(|+l)hs
=1 s hs’ | hs? i
therefore, _ X .
Lot ap= & e

- + .
Soz+1 hsa+2 hsa+2 (6)
Taking inverse Laplace transform of Eq.(6) yields

1“TL(t) = ﬁ((a +1)(t—ih)“u(t—ih)
_wu(t_ih)
+th)h)a+lu(t—(i+l)h)).

()

In a similar manner, the fractional integration of T 2, (t) is
19T 2,(t) = L —————((t—ih)“*u(t—ih)
I(a+2)
—(t—=(@+Dh)* ut—(@i+1)h)
—(a+1)(t—(i+1)h)“u(t— (i +1)h)).

8
Now, we expand | “T1; (t) with respect to TFs as follow
1°T1, (t); [CL,....,CL, ,IT1(t)+[C2,....C2,, ,IT 2(1),
where C1; = 1°T1,(jh) and

C2, = 1°TL((j+Lh), j=0,...m-1,

From Eq.(7), we get

CL, =0, j<i

h* o
Cly =—— (-1
= Ty @G-
—(=D)T (i), i<,
C2, =Cl,.,, Vi, J.
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Finally, for i =0,...,m—=1, j =0,...,m—1, we can write
1“T1(t); P1,TL(t)+P2,T2(t), 9)
in which
0 & & S
he 0 0 & -2
= ———0 0 0 S ,
[ +2) oo :
0 0 O 0 e
and
é:l é:Z 53 gm
h 0 §1 §2 gm—l
=—0 O \
“© T(@+2)|. . 9? 5”1‘2
0O 0 O &

mxm

where, & = (a+1)r* —r** +(r-1)“*,r=0,1,..,m.
Proceeding in a similar manner as for T1, we find that
1“T2(t); P3,TL(t)+P4,T2(t),

(10)
where,
0 & & S
he 0 0 ¢ Crna
= =0 0 0 Cmos :
[(a+2) o : :
0O 0 O 0 e
and
¢ & &3 S
e 0 & & St
P4 =— 0 O ,
“ T(a+2)| . . ‘{1 4?,2
0O 0 O ¢y e
where, £, = ret —(r=1)“" — (e +1)(r —1)“. By

using Eq.(9) and Eq.(10) fractional integration of T (t) can be
computed

19T (t) = —— j (t—s)*T(s)ds

T1(s)
" T )j(t $)“ Y T2(s) |ds =

24

1°T1(t)
1T 2(t) |;

PL T1(t)+ P2, T2(t)
P3,T1(t)+ P4, T2(t)

P1,
P3,

P2,
P4,

T1(t)
T2(1) |,

S0,
1“T (t) = P,T(t),
where P_, generalized operational matrix of T(t), is
P1, P2

P3, P4

a It

(11)

The fractional integration of any function f(t) can be
approximated as

1“f(t); FTP,T().
IV Solving nonlinear FIDE

In this section, by using the results of the previous sections,
an effective direct method for solving nonlinear FIDE is
presented. Using the definitions of the fractional derivatives
and integrals, it is suitable to rewrite Eq.(1) in the following

form
Y(©) = fo®+1°(F ) +1“@BYO) +
1“( j SO o).

Approximations  of

where  f,(t) = zp R (')(O+

y(t), f, (), f(t),a(t), k(t,s), Wlth respect to TFs may be
written as

f(t); RTM) =T ()R,

(14

f(t); FIT®)=T"@F, (15)
a(t); AIT@E) =T (H)A, (16)
y@); YT =TT @)Y, (17)
[y®I; Y, T@®=T" )Y, (18)
k(t,s); T (H)KT(s), (19)
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where 2m-vectors Y,, Y,,F , AY, and 2mx2m matrix

K" are TF coefficients. Also elements of Y, are nth power of

the vector Y.
From Eq@s.(18) and (19), Integral part in Eqg.(13) can be
approximated as

1([K(Et YOI ds); 1“(TT QK [T(STT (5)Y,ds)
= 1T (HK jot YT (s)ds)1“(T" (H)KYPT (1))

=1(B"T()); B'P,T(t)
(20)
also
1“(a)y(®); 1“(TTMAYTT(®)=1“(AT (1)
=ATPT(t).
(21)
where Y = diag(Y,) and B,A are defined in (7). By
substituting Egs.(14),(17),(20) and (21) in Eq.(13), we get
YIT(t)=F T@t)+F PT({t)+A PT(t)+B"PT(t),
(22)
or,
T TA Th —
Y-P,F-P,A-P,B=F,. 23)
Eqg.(23) is a nonlinear system of algebraic equations.

Components of unknown vector Y can be obtained by solving
this system using an iterative method. The presented method
is applied on some examples. These examples are selected
from different references, so the numerical results can be
compared with the other methods.

IV. Numerical Examples

Example 1  The fractional integro-differential equation is
considered as follows
: S st t 2 3
Doy(t) = t°— +|(t-s s))°ds,
YO = 3r08 "t 252 [[t=5)°(y(s))

(24)
with these supplementary conditions y(0) = y’(0) = 0.The
exact solution is

y(t) =t?,

Table | shows that the numerical solutions derived by
presented method are in a very good accuracy with the exact
solutions.

Example 2
equation[9]

Consider the fractional integro-differential

25

D“y(t) = sinh(t) +%cosh(t)sinh(t) —%—J';[y(s)]zds,

te[0,1),l<a <2,
subject to initial conditions y(0) = 0, y'(0) =1.

The value of & = 2 is the only case for which we know the
exact solution and our approximate solution is in good
agreement with the exact values. The exact solution for

o =2 is y(t) = sinh(t).

(25)

Table |
The absolute error between the exact solution and the
approximate solution

m Examplel Example2
m=38 2.9x1073 2.3x107*
m=16 9.7x10™ 3.1x107°
m =32 2.3x107* 3.5x10°°

VI Conclusion

In this paper, we present a computational method based on
TFs for solving a class of nonlinear Volterra integrro-
differential equations of fractional order. Generalized
operational matrix of TF is derived and used to reduce FIDE
to a system of algebraic equations. The advantage of this
method is low cost of setting up the equations without
applying any projection method.
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