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Abstract

In this work, we take into consideration the Ito equations.Truncated
Painlevé expansion and the homogeneous balance method are extended to
search for Backlund transformation for the Hirota-Satsuma equations.Moreover,the
solutions obtained for these equations in this work are utilizing a new ap-
proach.

1 Introduction

it is well know that the nonlinear partial differential equations are widely used
to describe many important phenomena in physics, biology, chemistry, etc.In
the recent years, the effort are made to finding analytical and soliton solutions
to nonlinear differential equations which could play worthwhile role in under-
standing various Mathematical and Physical phenomenon.

In this work, we are looking for analytical and soliton solutions for a gener-
alization of the Ito equations:

Ut = Vg, (1)
ve = —2Ugge + 3uvy) — 120wy, (2)
Wy = Wypy + SUW,. (3)

The problem (1)-(3) play a crucial role in applied mathematics and physics
and have many applications in Physics and Engineering. Egs.(1)-(3) are re-
duced to a new complex KdV with w = v*and w = v in Wu et al [1]. These
equation have the periodic wave solutions expressed by the Jacobi elliptic func-
tions in Zhang et al [2]. By the improved F-expansion method, Fan et al [3],
using Jacobi elliptic functions, Yu et al [4] have introduced the extended Jacobi
elliptic function with rational expansion method to finding six families of new
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Jacobi elliptic function solutions. Zang [5] has found some new types of exact
solutions for the Egs.(1)-(3), Ganji et al [6] has used the homotopy perturbation
method (HPM) with initial conditions and the system have four kinds of the
wave soliton solution om using an extended tanh-function method in Fan [7]
and Zayed et al [8] have the solitary wave solution of system (1)-(3) in terms of
sn(xz) — en(z), Jacobi elliptic functions and sec, — tanh, ¢-deformed hyperbolic
functions.

Also,there are various methods for finding analytical and soliton solutions as
Backlund transformations, tanh method and extended tanh method which has
been invoking great interest in the recent years.

Hayany et al [9] and Woopyo et al [10] have shown that Bécklund transforma-
tion exist for Burgers equation and general variable-coefficient KdV equations,
respectively with some constraints.Kink-type solitonic solutions are found. Yan
[11] showed two types of auto-Bécklund transformations for a simplified model
for reacting mixtures.

Malfliet [12] and Khater et al [13] consider travelling-wave solutions of cou-
pled nonlinear evolution equations and reaction-diffusion equations by tanh
method with initial conditions, respectively. Wazwaz [14-19] used another tech-
nique for tanh method without using initial conditions ,called the extended tanh
method which transformes a system to a set of algebraic equations via symbolic
software like Maple or Mathematica and is solved.

In this paper , we investigate the existence of a Backlund transformation by
applying the truncated Painlevé expansion.A Symbolic computation methods
are used to obtain an auto-Bécklund transformation and certain soliton-typed
explicit solutions.

2 Auto-Backlund transformations for system (1)-
(3) and solitonic solutions

Let u,v and w be the solutions of nonlinear partial differential equations (1)-(3)
of the form:-

o0
uo= 6 Y et

§1=0
o0
v = ¢a2 Z Uj2¢327
§1=0
o0
; i3
wo= ™Y w;,¢”. (4)
j1=0

Where u = u(x,t),v = v(z,t) , w = w(x,t),p = ¢(z,t) , up # 0, vg # 0 and
wWo 7’5 0.

To determine the values a1, ag and ag for (4) ,Substituting Eq. (4) in the
system (1)-(3) and balancing the highest order with highest order for nonlinear



Proc. of the Third Intl. Cont. on Advances In Information Processing and Communication Technology - IPCT 2015
Copyright © Institute of Research Engineers and Doctors, USA .All rights reserved.
ISBN: 978-1-63248-077-4 doi: 10.15224/ 978-1-63248-077-4-99

terms, we get

wo o= ¢ w,é. (6)

Therefore, the system (1)-(3), is said to be possess the Painlevé property and is
conjectured to be integrable.

In order to find the solitonic solutions for Egs.(1)-(3),we truncate the Painlevé
expansion,

u(m, t) = ¢_j1 (CC, t) Z ui(xa t)¢i(xa t)v
=0

v(z,t) = ¢_j2(x,t)Zvi(x,t)(bi(x,t),
i=0

w(z,t) = 67 (a,1) Y wilz,1)¢'(,1). (7)
i=0

Balancing between power of the highest derivative and power of nonlonear terms
in the system (1)-(3), we get:

J1=j2=J3=2. (8)

Consequently,Eq. (7) take the following form:

2
u(x, t) = ¢72(£L', t) Z w; (SL', t)gbz (SL', t)7

i=0
u(z,t) = wo(x,t) + uy (2, 1) (2, t) + uz(, )¢ (2, 1)

¢*(x,t)
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u(w,t) = Zggﬁ*ﬁ(ﬁ’t?”““)’ 9)

2
v(z,t) = (ﬁ_Q(l',t)ZUi(x,t)gi)i(l’,t),
=0

'U()(xat) + 'Ul(xat)¢ x7t) + v?(xat)¢2(xat)
(z,1)

¢
~wolz,t) | vi(w,t)
v(z,t) = 2.1 + o)

+ vo(z, t), (10)

w(z,t) = ¢ (@, 1)y wilw, )¢ (,1),
=0

wo(z,t) + wy (x, £)p(x, t) + wo(x, 1) (x, )
¢*(x,1)

WQ($,t) wl(m7t)

w(z,t) = + + wa(x,t). 11

(z,t) 20 o@D 2(@, t) (11)

Using Egs.(9)-(11), with the general assumption ¢, # 0, in Egs.(1)-(3) , we
set the coefficients of like power of ¢ to zero,then we get the set of Painlevé-
Backlund equations called Auto-Backlund transformations of the form:-

w(z,t) =

Eq. (1) gives :-

¢° 1 ugy + Bugus, — Bwava, — 3vawa, — %me =0 (12)
¢_1 DU+ BUsUg + BU Uy — 3WaV1p — W1V — V2 Wiy
—3v1wey — SUear = 0 (13)
6 1 —urd, — Burusg, + 3vawid, + 3viwad, + tor + Sugtios + Ui,
+3ugua, + 3wavg, — 3wV — 3Wov2, — JV2Woy — 3V1W1L
—3ugwaz + gulx%m + g¢mulxx + %Ul%m - %’UJOxa:x =0 (14)

q’f?’ D 2uopdy = —Sufqﬁgj — 6upu2¢, + 6vawe@,, + 6viwi ¢, + bvgwad,,

2
+3urUge + 3UgUiy — 3PLULz — SW1VT — 3WV1z — 3V1Wog

—3voWiz + 3U0zPyy + 3P, U0za + UoP =0 (15)

¢t 1 —ugurd, + Iiwod, + owid, + 3uidl + Suguos — 9P Uos
—3wovor — 3VoWor — 0P, P, =0 (16)
00 1 —6ulg, + 1200wod, + 12upd> =0 (17)
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Eq. (2) gives :-

¢° 1 v — BUsvay + Vager = 0 (18)
71 ¢ —3uqvay + v1p — Uiy + Viges =0 (19)
677 1 —3ugUag — v1¢; + U010, + Vor — Juzvos — SUIV1L
—3V12Ppy — 30, V1ee — V1Ppyy + Vozzx =0 (20)
¢ 1 —2up¢, + bugvod, + 3urv1¢, — 3urves — SugUis 4 6021,
F6010, 020 — 6V02Pry — 60, V022 — 200040, =0 (21)
¢t 1 Burved, + Jugvi o, — 6v1d> — Bugvos + 1862 v0,
+1800¢; ¢ry =0 (22)
¢ 1 buguod, — 24v06> =0 (23)
Eq. (3) gives :-
¢° 1wy — BugWs + Waper = 0 (24)
o' 1 —Buywa, + wip — 3ugWip + Wigee = 0 (25)
077 1 —Bugwa, — w1, + Suswid, + wor — Supwo — SuUrwiy
—3W1 Py — 3P, Wizw — W1Pyyy + Wozzee =0 (26)
¢7% 1 —2woe, + buswod, + Jurwig, — Burwos — SugWiz + 6P W,
H0w10, Py — OW0z P4, — 60, Wore — 2W0Pye, =0 (27)
¢74 1 Burwod, + Suowip, — 6w1¢i — 3ugwog + 18¢2w01
+18w P, ¢y = 0 (28)
¢+ bugwod, — 24wod; = 0 (29)

Solving equations (12)-(29) with respect to ug, u1, u2, vo, v1, V2, Wo, w1 and way,
then we obtain from equation (23) :

uo(z, 1) = 4¢;. (30)

Substituting Eq.(30) into Eq.(17)and solving With respect to. vo(z,t), we get:-
4 4

VoWo = 4¢i - UO(.’L',t) = %a (31)
0

where wo(z,t) is an arbitrary function different from zero.
Using Eqs.(30)and (31) into Eqgs.(12)-(29) and solving Egs.(16), (22) and (27)
with respect to. wq,v1,w;, we obtain:-

ui(x,t) = —4¢,., (32)
3 2
v (III, t) _ 4(_(251:“)03c +23w0¢m¢xm) , (33)
Wy
wiey) = Ll (34)
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Applying Egs.(30)-(34) into Eq.(21) or (27) and solving with respect to us(z, t),

we get:-
’U,Q(SC,t) —_ ¢t¢ ¢ 5 (b ¢ ; (35)
3¢5
substituting from Eqs.(30)-(35) into Eq.(15) and solving with respect to vg, wo,
we obtain:-
—dwsgy 1

wi 3w
+HA2WE B, + BWG Dy D) (36)

From Eq.(13) and Eq.(30)-(36) we find that :

1
wa(x,t) = —4w? ﬁwzfﬁ iw3m+2w3 i -
(1) 12wo ¢ (—d, Wos + 2wo¢m)( 0efao P 0P
H6WE PPy D + 30WeP2WE, B — A5WA P Wor 2y + 15WE DS,

to simplify, we put R(¢) = 0.

Using Eq.(37), then Eq.(36) can be rewritten in the form:-

1

U2 (Iv t) = (8w3¢t¢m + 12¢3w8x - 48w0¢z¢xxw027 + 42’[0(2)(;53% + 811)(2]

3w

1
. o 4 2 2 . —6 3.3
¢z¢zmr) 3wg(_¢mw01 I 2w0¢ww) ( w0¢t¢mw0 c ¢rw0t

F2WR07 by + 6w D105 b+ B0W0GTWE b — ARG W00 DT,

Substituting Eqgs.(30)-(38) into Eqgs.(9)-(11), we obtain the form of u(z,t),
v(z,t) and w(z,t)

u(z,t) = o@ ) T o T 36 ; (39)
4 3 2

wod(z,t)? wio(z, 1) 3w
+1205w5, — 48wo0, b,y Wor + 420305, + 8D, D pas)
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1
B dwns + Bwg ) Wb ion — 68, + 2ugdidy

w(zx,t) = + - + .
( ) ¢(LE, t)2 ¢i¢($, t) 12w0¢i(_¢zw01 + 2w0¢x1)

with wg(z,t) is an arbitrary function ,where equations (12), (18), (19), (20),
(24), (25) and (26) are the constraints equations for ¢(x,t).
In the of the rest sections,we will find a family of the exact analytic solutions
Eqgs.(3.1)-(3.3) for two cases for ¢(z,t):

special form for ¢(z,¢) :
A trial solution is:

¢(x,t) =1+ Exp[A(t)x + B(¢)] (42)

Since wp(x,t) is an arbitrary function , we take wo(z,t) in the following form:

wo(z,t) = Exp[C(t)x + S(t)] (43)

substituting from Eqgs.(42),(43) into the constraints equations (12), (18), (19),
(20), (24), (25) and (26), after substitution to wug,vo, w1, v1, W1, U2, V2, Wy from
Eqgs.(30)-(38). Equating to zero the coefficients of like powers of = in every

equations of constraints, we get a system of an ordinary equations for functions
A(t), B(t),C(t) and S(t) :-

ATA() S A(1) — 8 A1) A1) + 1240007 5 A(D) + 8(A(D)
2
(2 B(w) ~ A S5 B(H) =0, (44)
d 2
~S(5AW)? + A B =0, (15)
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168A(t)40(t)%0(t) - 78A(t)30(t)2%0(t) +12A(t)%C () —

+268A(t)50(t)%5(t) + 794A(t)30(t)2% A(t) — 21A(1)2C(1)? %

22A(t)0(t)4%A(t) - 124A(t)50(t)%3(t) F2A(C(1) s

16A(t)26’(t)5—;3(t) - 1264A(t)40(t)%A(t) + 54A(t)30(t)3i
d d d
4@5(15) - 181A(t)40(t)2a5(t) + 28A(t)40(t)2£B(t)
d d s d
:’EB(t) - 14A(t)20(t)4&B(t) +2A(t)C(t) =
d2
Q@B(t)

—6A(t)2C(t)

+25A(t)3C(¢) B(t) +

16A(t)20(t)%B(t)2 - 16A(t)C(t)2%B(t)2 +4A(H)C(t)
d d d d

1A (5 BO) (5 S(0) — 24 (5 AW®) (5, (1) — 5TIA®M ' C(1)°

+2C(t )(CZf (t))? — 4071A(t)°C(t)* + 16 A(t)’ 5—23() 120A(t )5575
2

FOBA) L B(r) ~ 4A(1)? S A(D) — 2A(1)C <><% (D)) + 904 C(r)

20(0)° (5 A()) (S BI0) + 44 (5 AW (L S(0) ~ 148AW)° S 5(1) +

4C(t)3(%B(t))2 —6A(t)2C(t)" — 3236 A(1)%C(t) + 744A(t)5%A(t) +

FIGAGC() (B S(1) — 4A(M)C0) (5 AW) (5 B(D) + 8884(1)°

t
+1984A(t)°C(t)* — 4A(t)C(t)2(%B(t))(%S(t) +4922A(t)"C(t)? = 0, (46)
48A(t)5%A(t) — 38A(t)40(t)%A(t) — 5A(t)30(t)2iA(t) +

dt
d d d
10A(t)2C(t)3%A(t) - 2A(t)C(t)4%A(t) - QC(lt)(%A(t))2 +

d d d d

I6A()C () (5 AW (5 B®) — 8C(0)* (5 AW (5 B®)-

C(t)

74A(t)5%0(t) 4 97,4(1:)40@)%0@) _ 42A(t)30(t)2%0(t) +
BA( (1) S C(1) + 24(1)( 5 AD)(C(1) — BADP (L BH)(2C(0)

HAAMCW) (S BO)(S00) ~ SADP (L AM(S(0) +

4A(t)C(t)(iA(t))( d S()) +8A()? j;

d
dt dt A(t) = 4AMC(1) - A(t) = 0,(47)

8
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d d

~C() A1) + A) ZC(1) =0, (48)

2A(t)5 + 5A(1)C(t) — 11A()3C(1)? + 6A(t)2C(t)® — A(t)C(t)*

—10A(t)%A(t) + 3C(t)%A(t) + 8A(t)2%B(t) - 7A(t)C(t)%B(t)

d d d d
+O(0)? 2B + A(t) ZO(1) + BAWM)’ Z-S(1) — A()C(H) 2 S(t) = 0(49)
2%/1(:5) — 7A(t)C(t)%A(t) + C(t)Q%A(t) + 3A(t)2%

d
70, (50)

8A(t) C(t) —

AB)C(2)

14A(t)* — 23A()3C(t) + 12A(t)*C(t)* — 2A(H)C(t)* — Q%A(t) +

d d d
ZB(t) = 5C() 2B + At) =

d d d
ZA(t) = 50(1) ZA®) + A®) 2-C(t) = 0 (52)

—120A(t)40(t)%0(t) + 66A(t)30(t)2%0(t) — 12A(t)*C(t)*—
d

+124A(t)50(t)%5(t) — 118A(t)30(t)2%A(t) + 14A(t)2C(t)3£A(t)
d2
dt?

8A(t) S(t) =0 (51)

8A(t)

—|—2A(t)0(t)4%A(t) _ 220A(t)50(t)%3(t) +2A(0)C()

d2
dt?
L d d d

6A(t)*C(t) aS(t) + 64A(t)2(%14(t))(%

A(t)
d
%S(t) -

164200 Bt + 240A(t)40(t)%A(t) + 424 O

B(t)) — 109A(t)40(t)2%8(t)

B(1)

Sl

+172A(t)40(t)2%3(t) - 47A(t)30(t)3%B(t) —24(t)2C(t)*
d

d 2 2
7 B(H)? —164()C(1)* -
d? 5 d d d d
Bt - 16A(t)“(aB(t))(%S(t)) = 2A() (5 AD))(C 1))
2

716A(t)g%B(t) — 42TA()*C(t)° — 6(J(t)(%A(t))2 — 2247A()°C(t)?

+72A(t)5%0(t) + 96A(t)6%B(t) + 16A(t)(%A(t))2 + 2A(H)C(t)x

oV
—~
~
N
$
|

+2A(t)0(t)5%3(t) F16A(2C()

LA(H)C ()2
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(S AMD)(ES5(1)) + 14002 (S AWM B) ~ 52A(1)° L S(1) ~ 4A(1)” x
d A(t))(iS(t)) + 4C(t)3(iB(t))2 —6A(t)2C(t)" — 1316 A(t)3C(t)

(G dt dt
d ) d d
—152A(t)5aA(t) + T8A(t)3C () + 16 A(t) C(t)(%B(t))(aS(t))

d d
AW (S BM) + 312A(t)% + 1276 A(t)5C(t)*
—4A(t)2%A(t) - 4A(t)C(t)2(%B(t))(%S(t)) +2330A(8)7C(1)? = 0(53)

ABA()PSA(D) — SGAC() L A) + 43A®)* O

d d g 2
2A) — 2A(t)C’(t)4%A(t) +32A4(1)(ZA()? -
d d . d
dt AWM (G B(1) — 48A(1)° -

—60A(H)C(t)(

A(t)
—2A(t)*C(t)?
14C(t)(iA(t))2 +16A()C(t)( Alt)
—86A(t)40(t)%A(t) + 43A(t)30(t)2%A(t) - 2A(t)2C(t)3%A(t)
72A(t)C’(t)4%A(t) + 32A(t)(%A(t))2 - 14C(t)(%A(t))2

(S AW BU) — SO AWM (L B() — 2645 (1)
+49A(t)40(t)%0(t) - SOA(t)SC(t)2%C(t) + 6A(t)20(t)3%0(t)
A0S D)D)~ 8AW (5 BO)( (1) +4A(1)C() x

(& B)(0) ~ SAMN AW LSH) +AANCEH) (L AWD) x
(%S(t)) - 8A(t)25—;A(t) + 4A(t)C(t);TQQA(t) =0, (54)

26A(t)° — 51A(L)*C(t) + 35A(1)*C () — 10A(t)2C(t)* + A(t)C(t)*

FI6A(t)C(t) — 2A(t)%A(t) - C(t)%A(t) + 8A(t)2%B(t)
—3A(t)C’(t)%B(t) - C(t)2%B(t) + A(t)%()(t)

—A(t)Q%S(t) + A(t)C(t)%S(t) =0, (55)
8A(t)2%A(t) - 3A(t)C(t)%A(t) - C(t)Q%A(t) - A(t)Q%C(t)
+A(t)0(t)%0(t) —0. (56)

10
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By using symbolic software Maple, solving an ordinary equations (3.44)-(3.56),
with respect to A(t), B(t),C(t) and S(t), we obtain:-

Alt) = kg,

B(t) = 3[41@2 — (3k3ky — 12k3k] + 10K3)1],

Ct) = ks,

Sit) = 3[41@1 — (T3 — 36k3ky + 54ksk] — 24k3)t] (57)

Where k1, ks, ks and k4 are arbitrary constants.
From Eq.(57) into Eqs.(42)-(43), we get the form for ¢(z,t), wo(z,t)

1
p(z,t) = 1+ explhgr + Z(4/~c2 — (3k3ky — 12k3k? + 10k3)1)] (58)

1
wo(x,t) = explksz + Z(4k1 — (Tk3 — 36k2ky + 54kski — 24k3)t)] (59)

Substituting from Eqs(58),(59) into Egs.(39)-(41) and Combining all terms, we
find a family of the analytical solutions of Egs.(1)-(3) as follows,

T 1
u(z,t) = —k3 sec h2(§) + Z(—kg + dkgky — 2k3),

4 e4T 3 e3T 9.9 €T
U(J?,t) = 4k4m + (kS — 3k4)k4m -+ (kg — k4) k4ew,
eM k4 — k3 eT (k‘4 — k‘3)2 61\/1
vt = ayap PO aayey) T e (@

Where T = A(t)r+ B(t) and M =C(t)z+ S(t)
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