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Existence results for fractional g-difference
equations with nonlocal g-integral
boundary conditions
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Abstract—In this paper, we discuss the existence of positive
solutions for nonlocal g-integral boundary value problems of
fractional g-difference equations. By applying the generalized
Banach contraction principle, the monotone iterative method,
and Krasnoselskii's fixed point theorem, some existence results of
positive solutions are obtained.
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1. Introduction

The g-difference calculus or quantum calculus is an old
subject. Studies on g-difference equations appeared already at
the beginning of the twentieth century in intensive works
especially by Jackson [1], Carmichael [2] and other authors
such as Poincare, Picard, Ramanujan.

Up to date, fractional differential equations have evolved
into a multidisciplinary subject, for example, see [3-30] and
the references therein.

For some recent work on g-difference equations and
fractional g-difference equations, we refer the reader to the
papers [7-18, 20, 24, 29, 30], and basic definitions and
properties of g-difference calculus can be found in the book
[19]. The fractional g-difference calculus had its origin in the
works by Al-Salam [20] and Agarwal [21].

Ahmad, Ntouyas, and Purnaras [10] studied the following
nonlinear fractional g-difference equation

<Dou(t) = f(Lu(),0<t<1l<a<2,
a,u(0) - leqU(O) =cu(m ),
a,u(d)+b, un(l) =C,U(n,),

where Dg is the fractional g-derivative of the Caputo type.
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The existence of solutions for the problem is shown by
applying some well-known tools of fixed point theory such as
Banach’s contraction principle, Krasnoselskii’s fixed point
theorem, and the Leray-Schauder nonlinear alternative.

In this paper, we deal with the following nonlocal g-
integral boundary value problem of nonlinear fractional g-
derivatives equation:

Diu@)+ ftu®)=0, te(0,1), u(0)=0, (1.1

(8-1)
o) =4 = ] s

where

de(01), 2<a<30<p<2,0<n<Lu>0, .Dyis

the g-derivative of Caputo type of order a, f € C(R",R").

In the present work, we gave the corresponding Green’s
function of the boundary value problem and its properties. By
using the Krasnoselskii’s fixed point theorem, some existence
results of positive solutions to the above boundary value
problems are enunciated.

2. Preliminaries

The following formulas will be used later, namely, the

integration by parts formula
J, 1(5)(D,9)(s)des=[ f (s)a(s) ]~ [ (DuT)(s)g(s)d,s
[a(t-s ](7) —a’ (t-s)",
D, (t=s)" =[7], (t-5)"",
sDq (t—S)( ) :_[7/] (t_qs)(y_l)’
(XDqJ' f(x,s) ds) I

where Dy denotes the derivative with respect to the variable

t.
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Definition 2.1 Let & >0and f be a function defined on
[0,1]. The fractional g-integral of Riemann-Liouville type is

(198)(x)= (%),

1 X (a-1)
mjo (x—gs) f(s)d

(1)) =

a>0,xe[0,1],
Definition 2.2 The fractional ¢-derivative of the

Riemann-Liouville type of order & > Qis defined

(D7 f)(x)=f (%),
(D5 1)) = (DLNET 1 )(x).
where [ & ] is the smallest integer greater than or equal to « .
Lemma 2.3 Assume that ¥ >0and a < b <t, then
(t . a)(}/) > (t . b)(?) ]
Lemma 2.4 Letea, >0 and f be a function defined
on [0,1]. Then the following formulas hold

(1212 )00 (12 F) )
(D121)(x) = (%)

Lemma 2.5 Let > 0and N be a positive integer. Then
the following equality holds:

(103 1)() = (515 1)(x
n-1

-2

k=0
Lemma2.6Let o € RY,

qS,

Xoc—n+k )
D'f )(0).
Fq(a+k—n+1)( d )( )

Ae(—1+x),

the following is valid:
r,(1+1
1 ((t-a)) - Ll
[ (a+i+1)
O<a<t<b.
Lemma 2.7 Let

— 2+
M=T, @+p)—,3n"" >0.
Then, for a given h eC[O,l], the unique solution of the

(t _ a)(a-m) ,

boundary value problem
“Dru(t) +h(t) =0,t € (0,2),2< ¢ <3,
subject to the boundary condition
u(0)=0,u'(0) =0,
N 7 (- )
u() = ful) = uf | X%
0<p<2,0<ny<],
1
u(t) = jOG(t,qs)h(s)dqs,

2
where G(t,qs) = g(t,qs) +%

u(s)d,s,

H (77,0s),

tZ (1_ S)(a—l) _ (t _ S)a—l

F @ ,0<s<t<],
a

g(t,s) = 2 q (a-1)
t*(1-5s)
———— 0<t<s<],

I, (@)
r,@-9“"y"" T,@+An-s)“"" 0<s<n<l
T,(@) Fy(a+p)

H(m,s)= T (3)(1=s5)“y>”

%,0<qss<l.

Iy (a)
Proof: “DZu(t) =—h(t) & 12 °Dru(t) =—12h(t).
We have
qs)(a -1)

(t-gs)“?
u(t) = j F @)
u(0)=0,c, =0.u'(0)=0,

h(s)d,s+c,t* +ct+c,

u(®) ={a-1,| (t= qs)(; ? h(9)d s+ 20+,

We have
(a-1)
c,=0,u()= (=g h(s)d s +c,t?
O=—f = F e O
1— (a-1)
u() = j( qi)) h(s)d,s+C,,
subject to the boundary condition
7 (n—-0s)"”
u@ = ul2u(y) = u| ~———u(s)d,s.
H n ﬂj T (ﬂ) q
We have
1 (17— 0s)"" ” (s—xq)““™
12u(y) = J' 0 J' M ) h(x)dx+c,s)d,s
7 (n—=0gs)”™ s (s—xq)*“"
= h x)d x)d s
R T e
(=)
L e
sy [ =08) ™ s (s—xq)
MOOE yjo o) j F @ h(x)d,x)d,s
(5-1)
ﬂj 1(n=08)" " qS) 5,8
(=69 qs>“”ﬂ 9 oes T
uf (s)dqs+rq(3+ 57"
U(l)ZulqﬂU(n)-
Hence
( SE|EK BRAR)

23



Proc. of the Intl. Conf. on Advances In Applied Science and Environmental Engineering - ASEE 2014.
Copyright © Institute of Research Engineers and Doctors. All rights reserved.
ISBN: 978-1-63248-004-0 doi: 10.15224/ 978-1-63248-004-0-06

=y (1-gs)“™
o Ty(a)

I'i (7—gs)“ "™
Ly(a+p)
gs)“”

(L-gs)“?
I [y (a)

SN A4, - J (1 qs)(a Zh(s)d,s
G A -, @O % T, (@)

O a0,

h(s)d,s+c,

r',(3)c,
r,G+p) "

2+ﬂ)

h(s)d,s+
We have

r 3 2+ﬂ
1 M, @)™

- (3+ﬂ) h(s)d,s

Let
M =T, (3+8)—l,3)n*”,
hence

gs)“ ™
I (@) h(s)d,s

I T eyd,),

3
r ( "‘ﬁ)(J' @-

2 =

gs)"

Iy (a)

, T, (3
(+ﬂ)(J- a-

u(y = L= " n(s)d,s

qs)“”
I h(s)d,s

J‘” (77 qs)(a+,8 ; h(S)d S)

(a-1) (a-1)

uF (3)77” 1- qs)(“l
+ v j r ) h(s)d,s
(a+p-1)
M (3+’B)t I QUL h(s)d,s]
I, (o)

- [0t anEN, s+

1
=LGGAQMQ%&
Lemma 2.8 The function g(t,S) satisfies the following

properties:

g(t,gs) =0,9(t,gs) <g(gs,gs) O0<t,s<1

jo H (17, as)h(s)ds

24

Lemma 2.9 The function G(t,Qs) satisfies the
following properties:
(i) G is a continuous function and
G(t,gs) >0, for (t,s) €[0,1]x[0,1].
(ii) There exists a positive function o € C((0,1), (0,+x)),
such that rorlg)l(G(t, gs) < p(s), where

p(s) = g(qs,qs)ﬁH(n,qs).s e (0,1).

3. Main Results

Let X =CJ0,1] be a Banach space endowed with the norm
lul, =max ., | u(t) |.
Define P={ue X,u(t)>0,0<t <1}, Define the
operator T : P — X as follows::
(Tu) (1) =] G(t, 45) f (5, u(S))ds. (31)
It follows from the nonnegativeness and continuity of G and f

that the operator T : P — X satisfies T(P) P and is

completely continuous.
Theorem 3.1 Suppose that there exists 0<&; <&, such

that (Hy) f(t,u):[0,x[0,&,]— R is continuous and
nondecreasing relative to U, and
max f (t,&,) < L&,

0<t<1

min f(t,&) 218,

7 <t<r,

(3.2)

(3.3)

Then the BVP (1.1) has one positive solution u satisfying
&L<E,
and
r!jLT;T’“uo =U,U,(t) =&,

Proof: We denote Q& &, ]={ueP:& <U <&}
In what follows, we first show that T :

Q. &1 =G, 6]
Let ue Q& &, ], then 0<g<u(t) <IU Ix<E,.
By assumption (Hs), we have

0< f(tu() < f(t,&)<max f(t,&)<LE,0<t<1.
f(t,u(t)) > f(t, fl)O:TertiITl f(t,&)=1g
Hence, for any u € Q[&,&,], o
OTu, = max j IG(t,gs) f (s,u(s))|d,s

<[ p(s) F(su(E)ds<LE [ p(s)dsgs,

(1
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D _
LS, |, PN =4

and

Tull,> E|g(t,qs) f(s,u(s))|d,s
+% [}[Hr.09)F (5.u(s))]d9)

2

2 B ([ H O a9)d 8)1E =

Thus, we get T : Q[&, 8,1 > Q[&,E,].
Let Uy(t) =&, 0<t <1, then u, e &, &,].
Let U, (t) =Tu,(t), then u, € Q[&, &,]. We denote
u,,=Tu =T"",m=0,12,-

Accordingto T : Q[&,&,]1 > OQ[&,&,], we have

u, €&, &,1,n=012,---.
Since T is completely continuous, we assert that {u, }~_
has a convergent subsequence {U,, },_,, there exists

u’ e Q&S]

Such that lim u =u.

k=400 ='my
Sinceu, € Q[&,,4,], then
&<u <|ufr<é =u,.
According to the definition of T and (H ), we have

0, () =(Tu,)(0) = [ Gt as) f (s,u(s)d 5

CLoorts £
< ngjol (:1(1]:,_—((:13)"'%H(77’q5) qu:é = Uy (1),

which implies U, (t) =Tu, (t) <Tu, =u,(t),0<t <1.

By introduction, we have U, (t) <u,_ (t) for
0<t<1im=012,-

Thus, there exists U™ € Q[&, &,] such that LIIDO u,=u".

From the continuity of T and U_,, =TU_, we have
u =Tu".
The proof is completed.
Our next existence result is based on Krasnoselskii’s
fixed point theorem.
Lemma 3.2 (Krasonselskii’s) Let E be a Banach space,
and let P < E be acone. Assume Q1, Q2 are open subsets of E

with @ € O, ch cQ,and let T : Pﬂ(éz\Ql) — P be
a completely continuous operator such that
ITul=[u].ue P, [Tul<|u].ueProw,

Then T has at least one fixed pointin P M (Q2\QY,).

Theorem 3.3 Let f(t,u)be a nonnegative continuous
function on [0,1]xR*.In addition, we assume that
(H1) There exists a positive constant I, such that

f(t,u)>kn, (tu)e[znz,]x[0,n],

where 7, =q"™, 7, =q™ with m;,m, € N,,m, >m, ,and

k= (] (9(as,05)+ - H(7,09)d,9) "
(H2) There exists a positive constant I, with I, > I such that
f(t,u) >k, (t,u) €[0,1]x[0,r,],
Then the BVP (1,1) has at least one positive solution U,
satisfying 0 <1, <||up[x <r,.

Proof: By Lemma 2.8,we obtain that

maX,.., 9(t,gs) = g(ds,as) .
Let

Q, ={ue X :|ux<r}
Forany U e X MOC,, according to (H1) and the definitions

of 7;and 7, , we obtain

[Tuf x = max I: g(t,as) f (s,u(s))d,s

+ max I:ﬂvtz H(7,9s) f (s,u(s))d,s

0<t<1

= j:{g(qs, as) +ﬁ H(n, qs)} f(s,u(s))d,s
>[" (g(qS,QS)+ﬁH(7y,qs)) f(5,U(s))d,s

>k [ (9(08.G5)+ - H(7.09)d,s

2 =,
Let

Q, ={ue X |ulx<rl}.
Forany U e X NoQ,, by (H2) and Lemma 2.9, we have

[Tullx = max [ G(t,as) (s,u(s))d,s

0<t<1
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2 (a-1)
1.9°(1-0s) H
<Lr| ((—————+-—H(n,qs))d,s
2 Oy T H e,
=|ul|x=r,.
Now, an application of Lemma 3.2 concludes the proof.
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