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Gyroscope’s Torques and Motions

Ryspek Usubamatov

Abstract—Gyroscope devices are primary unit in navigation
and control systems that have wide application in aviation, space,
ships and other industries. The main property of the gyroscope
device is maintaining its axis. This gyroscope peculiarity is
represented in term gyroscope effects, which mathematical
models formulated on the law of kinetic energy conservation and
the rate change in the angular momentum of a spinning rotor.
However, the nature of gyroscope effects is more complex and
known mathematical models do not match the actual forces and
motions in the gyroscope devices. Recent investigations in area of
gyroscope theory demonstrate that in the gyroscope are acting
four dynamical components simultaneously and
interdependently, namely: the centrifugal, inertial and Coriolis
forces and the change angular momentum in the spinning rotor.
The applied torque to the spinning rotor generates the resistance
torque based on centrifugal and Coriolis forces. The torque
generated by the inertial forces and by the change of the angular
momentum on the spinning rotor resulting in the precession
torque of a gyroscope. The action of the resistance and precession
torques is combined in case of solution the gyroscope problem.
The new mathematical principles for the gyroscope motions are
tested and the results practically validated. This paper represents
the physical principles of motions in gyroscope devices.
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1. Introduction

Gyroscopic effects are relayed in many engineering
calculations of rotating parts and gyroscope properties enable
function the numerous gyroscope devices in aviation, space
and other industries. There are many publications regarding
the gyroscope theory as well as many approaches and
mathematical solutions that describe the gyroscope properties
[1-3]. There are many valuable publications dedicated to the
gyroscope effects and applications in engineering [4-5]. All
publications in the area of gyroscope theory describe
gyroscope effects in terms of conservation of kinetic energy
and the change in the angular momentum. However, the nature
of gyroscope effects is more complex and known theory and
mathematical models do not match practice of gyroscope
devices [6-8]. This unaccountable situation with gyroscope
effects spawned terms like gyroscope resistance, gyroscope
couple and fantastic properties like non inertial, non
gravitational, etc. This is the reason that the gyroscope theory
still attracts many researchers who continue to discover new
properties among gyroscope devices [9-12].
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The recent investigations of physical principles of
gyroscope motions demonstrate that four classical forces
acting in the spinning rotor generate gyroscope -effects.
Conducted analyses show that pseudo centrifugal, inertial and
Coriolis forces and the rate change in the angular momentum
of the spinning rotor are basis of the all gyroscope effects [13-
15]. The external torque applied to the gyroscope generates the
torques that based on mentioned forces and motions. In turn,
the centrifugal and Coriolis forces generate the resistance
torque that counteract on inclination of the rotor’s location.
The inertial forces and the rate change of the angular
momentum of the spinning rotor generate the precession
torques. All these torques are interrelated and acted
simultaneously. The action of the resistance and precession
torques is combined and represents the gyroscope effects. A
new mathematical model based on these four physical
components describe accurately the gyroscope motions and
validated by tests. This new fundamental principles in the
gyroscope theory enable to solve gyroscope problems and
close the term gyroscope mystery.

n. Methodology

The spinning rotor experiences a radial acceleration and
centrifugal forces of the mass-elements, which act strictly
perpendicular to the axis of the spinning rotor. In case of
declination of the spinning rotor, the plane of rotating
centrifugal forces creates a contracting moment. However, the
plane of rotating centrifugal forces declines with defined
angular velocity of precession and at the same time resists on
action of the external torque applied. The mathematical model
of the resistance torque that generated by the centrifugal forces
of a spinning rotor is represented by the following equation
[15].

€]

where T is a resistance torque generated by the centrifugal
forces, J = (mR?/2) is the rotor’s mass moment of inertia
about the rotor’s axis, m is the rotor’s mass, R is the external
radius of the rotor, w, is an angular velocity of resistance
precession of a spinning rotor.

T, =2(z/3f Jow,

In the uniform circular motion, the tangential velocity
direction of the rotor’s mass elements changes continuously.
In the case of acting of the external torque that is applied to a
gyroscope, the inclination of the spinning rotor leads to change
the tangential velocity of mass elements in axial direction.
This change is causing of the axial acceleration as well as the
inertial forces of mass elements that are acting perpendicular
to the plane of the centrifugal forces of the spinning rotor. The
inertial forces are causing the angular torque and the angular
velocity of the rotor precession. The mathematical model of
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the precession torque generated by the inertial forces is
represented by the following equation [15]:

O]

where T;, is a precession torque generated by the inertial
forces, wp is an angular velocity of inertial precession of a
spinning rotor and other parameters are as specified above.

T, = 2(7r/3)2Ja)aJp

The analysis of (2) demonstrates the equation of the
precession torque of the axial inertial forces of the spinning
rotor is the same as (1), i.e., precession and resistance torques
are generated by the same rotating masses, which
accelerations are directed perpendicular to each other. The
external torque applied to the spinning rotor causes its angular
velocity of inertial precession about the axis, which is
perpendicular to the rotor’s axis and perpendicular to the axis
of the resistance precession.

The inclination of the spinning rotor that leads to change
the tangential velocity’s direction of a mass element generates
an acceleration as well as the Coriolis force of mass elements.
This Coriolis forces are acting perpendicular to the plane of
the spinning rotor and causing the resistance torque action at
the same direction as the torque of centrifugal forces. The
mathematical model of the resistance torque generated by the
Coriolis forces is represented by the following equation [15]:

®)

where T is a resistance torque generated by the Coriolis
forces, other parameters are as specified above.

T, =(8/9)ow,

The rate change in the angular momentum of the spinning
rotor generates the torque, which acts on two directions as
precession and resistance torques in sequence of motions and
represented by the well-known equation [1-4]:

(4)

where T,, is a torque generated by the rate change in the
angular momentum, other parameters are as specified above.

Tom= Ja)a)p

The defined toques based on the centrifugal, inertial,
Coriolis forces and the change in the angular momentum are
acting simultaneously on the spinning rotor. Analysis of the
acting forces in the gyroscope enables to state that actual
gyroscope effects have more complex nature than represented
by known publications. Table 1 represents the four different
torques generated by the internal pseudo forces of the spinning
rotor under the action of the external torque applied to the
gyroscope. Simultaneous action of this torques should be
considered at new mathematical models of gyroscope motions.
The external torque applied to the gyroscope leads to angular
velocities of precessions by two axis and activates
simultaneously the four torques mentioned above. However,
the action of this torques applied to different axes of the
spinning rotor which perpendicular with each other’s. The
torque generated by the centrifugal and Corioils forces is
represented the resistance torques. The torque generated by the
inertial forces and by the change of the angular momentum is
represented the precession torque. The values of this torques
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TABLE 1. INTERNAL TORQUES ACTING IN GYROSCOPE

Torque generated by: Equation Percentage, %
centrifugal forces Z\2 34.95
inertial forces To= 2(5) Jow, 34.95
Coriolis forces T, =(8/9)Jow, 14.16
change in the angular momentum T, = Ja)a)p 15.94
Total 100

are represented in Table 1 and demonstrates that centrifugal,
inertial and Coriolis forces of the spinning rotor are really
active physical components. The change in the angular
momentum of the spinning rotor is one component among
others and plays not first role at gyroscope physics.

Mathematical Model for

Gyroscope Motions

The external torque applied to the gyroscope leads to an
angular velocity of precessions and activates the centrifugal,
inertial, Coriolis forces and the rate change in the angular
momentum of the spinning rotor. The analysis of forces acting
in a gyroscope shows that all of them come into action
simultaneously. The new equations for the resistance and
precession torques (Table 1) demonstrate dependency on the
mass moment of inertia and angular velocity of the spinning
rotor, as well as on the angular velocity of its precessions. This
situation should be analyzed from the standpoint of
interrelationships and sequences of acting forces in a
gyroscope. The external torque applied to a gyroscope
generates the net of the internal torques and turn motions of
the spinning rotor about the axis ox and oy. These motions
have the defined links. For accuracy in formulating of initial
motions, the action of torques is accepted at counter clockwise
direction as positive and clockwise direction as negative.

Consider the sequence of the gyroscope gimbals’ torques
and motions from starting condition in the system of axes
Y oxyz (Fig. 1). The spinning rotor of the angular velocity w,,
located symmetrically regarding its pivots on the gimbal, 1
which rotates on pivots in the gimbal 2 and last one rotates on
pivots in the frame 3 (Fig. 1(a)). At starting condition, the
inclination of the frame 3 about the axis ox that represented
the applied torque T, leads to change the rotor axis oz location
on planes yoz and xoz, (represented by 0z"), (Fig. 1(a)). These
changes generate the following resistance and precession
torques simultaneously acting on gimbals (Fig. 1(b)):

a) the resistance torques generated by the centrifugal T (1)
and Coriolis forces Ty (3) about the axis ox act at
clockwise direction

zY 8 7Y 8
T, =2 = | Joo,+- oo, =| 2| = | += [Joo,
(3] 9 { [3) 9}
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b) the precession torques of the inertial forces T;,, and change
of the angular momentum of rotating mass T, about the
axis oy act at counter clockwise direction and turn the
gimbal 2 at the plane xoz

2 2
T, = 2[%} Joo, + oo, = HZJ +1}wax

c) in turn, the precession torques of the inertial forces Ti,x (2)
and change of the angular momentum T,,x (4) about axis
oy, generate the torques of the inertial forces Ti,, and
change of the angular momentum T.n, about the axis ox
respectively and turning the gimbal 1 about the axis ox
starting to shift at clockwise direction.

The sequence of the torques action and following motions
of the gyroscope gimbals are as follow.

e The action of the applied torque T starts to incline the
spinning rotor at counter clockwise direction. However, the
resistance torques of the centrifugal T and Coriolis forces
T are keeping the axis oz of the rotor in initial position at
the plane yoz.

e The precession torques of the inertial forces Ti, and rate
change of the angular momentum of rotating mass Ty are
acting and turning the gimbal 2 at counter clockwise
direction about the axis oy. In turn, the change of the rotor’s
location at the plane xoz leads to activation the resistance
torques of the centrifugal T, and Coriolis forces T, that
are keeping the axis oz of the rotor at initial position on the
plane xoz.

e The precession torques of the inertial forces Ti,, and
change of the angular momentum of rotating mass T, are
acting and turning the gimbal 1 at clockwise direction about
the axis ox.

The motions of the gimbals 2 and 1 are keeping the axis oz
of the spinning rotor at initial position in space, but the system
of axes Y oxyz is changed the space orientation. In case of the
turn the gyroscope about the axis ox on 90° the new location of
the gimbals is represented in Fig. 1(c). The rotation of these
gimbals are causing by action of the summed action of the
inertial forces T;, and change of the angular momentum of
rotating mass T,, about the axis of consideration. The
magnitudes of these summed torques about the axis oy and ox
are the same, i.e., the angular velocities of gimbal’s motions
about the axis oy and ox are also same. This statement can be
represented by the following equation:

HZJZ +1}Ja)a)y - H’;)z +1} Jow, @ o,=0,  (7)

Equations (8) represent external and internal pseudo
torques acting in the gyroscope. The components of the second
equation of (8) are the result of the action the external torque T
that represents the peculiarity of gyroscope equations. All
internal torques are representing the internal energy of the
spinning rotor generated by the external torque. Hence,

(6)
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combining of two equations gives the following equation of
the total torques acting in the gyroscope:

T _Tct.x _Tcr.x _Tin.y _Tam.y +Tin.x +Tam.x _Tct.y _Tcr.y =0 (9)

Substituting expressions of the torques ((1), (2), (3) and
(4)) into (9) and transforming give the following equations:

A5 o)

(10)

Substituting (7) W, = @, into (10) and transforming yield
the following equation

where all parameters are as specified above.

(11)

Analysis of (11) shows the gimbals’ motions of the
gyroscope about the axis ox and oy have right dependency on
the magnitudes of the external torque applied T and inversely
proportional on the angular velocity of the rotor’s spinning
and its mass moment of inertia.

The external torque applied to the gyroscope leads to an
angular velocity of gimbal’s motions and activates the
centrifugal, inertial, and Coriolis forces and the changes of the
angular momentum of the spinning rotor about the axis of
consideration. The formulated mathematical models for the
resistance and precession torques that acting by the axis of
consideration are resulting on the gimbals motions. The
angular velocities of the gimbals precessions are equal that
enable to keep the spinning rotor’s orientation in space.

iv. Working Example

The gyroscope, which the rotor is carried in a casing
mounted on bearings, is arranged in such a way that its axis is
horizontal, but free to take up any direction (Fig. 1). The
gyroscope is tilted through the angle in yoz plane. The rotor is
a uniform solid disc with d = 0.05 m in diameter weighing m =
0.15 kg and running at @ = 900 rad/s. The torque applied T =
0.04 Nm. Here is how to define the gimbal’s angular velocity
of motion w,.

The angular velocity of the gimbal’s motion based on the
principles mentioned above is represented by (11).
Substituting initial data of the gyroscope into (11) and
transforming yield the following result:
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0.04 =0.1538rad /s

2
Z{Z[g) + z} % 0.000046875 %900

where J = md%/8 = 0.15x0.05%8 = 0.000046875 kgm? is the
rotor’s mass moment of inertia; other parameters are as
specified above.

The resistance and precession torques generated by the
centrifugal, Corilos and inertial forces and the rate change of
angular momentum for the gimbals, decelerates the angular
velocity of gimbals motions.

v. Results and Discussion

The external torque applied to the gyroscope leads to an
angular velocity of precessions and generates the torques
based on action of the centrifugal, inertial, Coriolis forces and
changes in the angular momentum of the spinning rotor. The
new approach demonstrates that the centrifugal and Coriolis
forces of the spinning rotor resist any inclination of the rotor’s
axis and generate the resistance torque. The axial inertial
forces and change of the angular momentum of the spinning
rotor generate the precession torque. The action of this torques
is combined in the gyroscope that depends on the motion of
consideration. The action of this torques is formulated by the
mathematical models for the accepted systems of axes. The
magnitudes of the four torques depend on the mass, radius and
angular velocity of the spinning rotor, as well as on the
angular velocity of its precession.

The new analytical approach to gyroscopic problems
demonstrates that centrifugal, inertial and Coriolis forces of
the mass elements for the spinning rotor are really active
physical components that act simultaneously with change in
the angular momentum.

vi. Conclusion

The gyroscope theory in classical mechanics is one of the
most complex and intricate in terms of analytical solutions.
The known mathematical models of the gyroscope theory are
mainly based on the actions of the external torque applied and
the change in the angular momentum of the spinning rotor.
This approach leads to many assumptions and simplifications
in case of the unexplainable motions of the gyroscope devices.
However, nature of the gyroscope motions is more complex
than represented in the known gyroscope theories. Practically,
gyroscope effects demonstrate that the centrifugal, inertial and
Coriolis forces in the spinning rotor play a critical role. The
change in the angular momentum of the spinning rotor is not a
main component of the acting forces. All these forces act
simultaneously, reciprocally and gyroscope effects dependent
on all of them. The forces are acting in the gyroscope are well
known in classical mechanics which actions never have
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described analytically in gyroscope physics. Presentation of
the action of this forces enables clearly understand physical
process that resulting in the gyroscope devices. Hence, the
artificial properties that attributed to the gyroscope are
removing forever.

New mathematical model of gyroscope effects describe
clearly the known properties and will thus be useful for
modelling the behaviour of the gyroscopic devices.
Formulated analytical models of the gyroscope effects based
on the principles of the centrifugal, inertial and Coriolis
forces’ and the rate change of the angular momentum of the
spinning rotor give correct results. The new fundamental
principles for the gyroscopic effects represent the basis of the
new gyroscope theory and new challenges for future studies of
the gyroscopic devices.
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